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preface

Equity derivatives and equity-linked structures—a story of success that still
continues. That is why, after publishing two books already, we decided
to publish a third book on this topic. We hope that the reader of this
book will participate and enjoy this very dynamic and profitable business
and its associated complexity as much as we have done, still do, and will
continue to do.

Our approach is, as in our first two books, to provide the reader with
a self-contained unit. Chapter 1 starts with a mathematical foundation for
all the remaining chapters. Chapter 2 is dedicated to pricing and hedging in

´incomplete markets. In Chapter 3 we give a thorough introduction to Levy
processes and their application to finance, and we show how to push the
Heston stochastic volatility model toward a much more general framework:
the Heston Jump Diffusion model.

How to set up a general multifactor finite difference framework to
incorporate, for example, stochastic volatility, is presented in Chapter 4.
Chapter 5 gives a detailed review of current convertible bond models, and
expounds a detailed discussion of convertible bond asset swaps (CBAS) and
their advantages compared to convertible bonds.

Chapters 6, 7, and 8 deal with recent developments and new technolo-
gies in the delivery of pricing and hedging analytics over the Internet and
intranet. Beginning by outlining XML, the emerging standard for represent-
ing and transmitting data of all kinds, we then consider the technologies
available for distributed computing, focusing on SOAP and web services.
Finally, we illustrate the application of these technologies and of scripting
technologies to providing analytics to client applications, including web
browsers.

Chapter 9 describes a portfolio and hedging simulation engine and its
application to discrete hedging, to hedging in the Heston model, and to
CPPIs. We have tried to be as extensive as we could regarding the list of
references: Our only regret is that we are unlikely to have caught everything
that might have been useful to our readers.

We would like to offer our special thanks to Marc Yor for careful
reading of the manuscript and valuable comments.
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randomness probability space

Mathematical
Introduction

T he use of probability theory and stochastic calculus is now an established
standard in the field of financial derivatives. During the last 30 years, a

large amount of material has been published, in the form of books or papers,
on both the theory of stochastic processes and their applications to finance
problems. The goal of this chapter is to introduce notions on probability
theory and stochastic calculus that are used in the applications presented af-
terwards. The notations used here will remain identical throughout the book.

We hope that the reader who is not familiar with the theory of stochastic
processes will find here an intuitive presentation, although rigorous enough
for our purposes, and a set of useful references about the underlying
mathematical theory. The reader acquainted with stochastic calculus will
find here an introduction of objects and notations that are used constantly,
although maybe not very explicitly.

This chapter does not aim at giving a thorough treatment of the theory
of stochastic processes, nor does it give a detailed view of mathematical
finance theory in general. It recalls, rather, the main general facts that will
be used in the examples developed in the next chapters.

Financial models used for the evaluation of derivatives are mainly concerned
with the uncertainty of the future evolution of the stock prices. The theory
of probability and stochastic processes provides a framework with a form
of uncertainty, called . A is assumed to be
given once and for all, interpreted as consisting of all the possible paths
of the prices of securities we are interested in. We will suppose that this
probability space is rich enough to carry all the random objects we wish
to construct and use. This assumption is not restrictive for our purposes,
because we could always enlarge the space , for example, by considering
a product space. Note that can be chosen to be a “canonical space,”
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such as the space of continuous functions, or the space of (French
acronym for “continuous from the right, with left limits”) functions.

We endow the set with a -field which is also assumed to be fixed
throughout this book, unless otherwise specified. represents all the events
that are or will eventually be observable.

Let be a probability measure on the measurable space ( ). The
with respect to of a random variable (that is, a

measurable function from ( ) to ( ), where is the Borel -field
on ) is denoted by [ ] instead of and is called the
of . If we need to emphasize that the expectation operator is relative to

, we denote it by . We assume that the reader is familiar with general
notions of probability theory such as independence, correlation, conditional
expectation, and so forth. For more details and references, we refer to [9],
[45], or [49].

The probability space ( ) is endowed with a ( 0),
that is, a family of sub- -fields of such that for all 0 .
The filtration is said to be -complete if for all , all -null sets belong to
every ; it is said to be right-continuous if for all 0,

It will be implicit in the sequel that all the filtrations we use have been
previously completed and made right-continuous (this is always possible).

The filtration represents the “flow of information” available; we will
often deal with the filtration generated by some process (e.g., stock price
process), in which case represents past observations up to time . For
detailed studies on filtrations the reader can consult any book concerned
with stochastic calculus, such as [44], [63], and [103].

We will be concerned with random quantities whose values depend on time.
Denote by a subset of ; can be itself, a bounded interval [0 ], or
a discrete set 0 1 . In general, given a measurable space ( ), a

with values in is an application : that is measurable
with respect to the -fields and , where denotes the Borel

-field on .
In our applications we will need to consider only the case in which

and is the Borel -field . From now on, we make these
assumptions. A process will be denoted by or ( ); the (random)
value of the process at time will be denoted by or ( ); we
may sometimes wish to emphasize the dependence on , in which case
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DEFINITION 1.1

DEFINITION 1.2

X X t, t
X X X X X X

X

T
stopping time t

T t

t
T

t X B B

X adapted
t X

X

X , u t
X X

X

we will use the notation ( ) or ( ). The jump at time of a process
, is denoted by and defined by , where

lim .

Before we take on the study of processes themselves, we define a class of
random times that form a cornerstone in the theory of stochastic processes.
These are the times that are “suited” to the filtration .

A random time , that is a random variable with values in , is
called an - if for all

This definition means that at each time , based on the available information
, one is able to determine whether is in the past or in the future.

Stopping times include constant times, as well as hitting times (i.e., random
times of the form inf : , where is a Borel set), among
others.

From a financial point of view, the different quantities encountered are
constrained to depend only on the available information at the time they
are given a value. In mathematical words, we state the following:

A process is said to be to the filtration (or -adapted) if,
for all , is -measurable.

A process used to model the price of an asset must be adapted to the flow
of information available in the market. On the other hand, this information
consists mainly in the prices of different assets. Given a process , we can
define a filtration ( ), where is the smallest sub- -field of that makes
the variables ( ) simultaneously measurable. The filtration is
said to be generated by , and is clearly adapted to it. One also speaks of

“in its own filtration.”
Because we do not make the assumption that the processes we consider

have continuous paths, we need to introduce a fine view of the “past.”
Continuous processes play a special role in this setting.
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DEFINITION 1.3

DEFINITION 1.4

predictable -field

X predictable

X
, t t X t

S, T
S T

X , i n X
X

X , t

localizing sequence T
T n

locally
, T

,

semimartingales

The is the -field on generated by
-adapted processes whose paths are continuous.

A process is said to be if it is measurable with respect
to .

That is, is the smallest -field on such that every process , viewed
as a function of ( ), for which ( ) is continuous, is -measurable.
It can be shown that is also generated by random intervals ( ] where

are stopping times.
A process that describes the number of shares in a trading strategy must

be predictable, because the investment decision is taken before the price has
a possible instantaneous shock.

In discrete time, the definition of a predictable process is much simpler,
since then a process ( ) is predictable if for each , is -
measurable. However, we have the satisfactory property that if is an

-adapted process, then the process of left limits ( 0) is predictable.
For more details about predictable processes, see [27] or [63].

Let us also mention the optional -field: It is the -field on
generated by -adapted processes with right-continuous paths. It will not
be, for our purposes, as crucial as the predictable -field; see, however,
Chapter 2 for a situation where this is needed.

We end this discussion by introducing the notion of localization, which
is the key to establishing certain results in a general case.

A ( ) is an increasing sequence of stopping times
such that as .

In this chapter, a property is said to hold if there exists a localizing
sequence such that the property holds on every interval [0 ]. This notion
is important, because there are many interesting cases in which important
properties hold only locally (and not on a fixed interval, [0 ), for example).

Among the adapted processes defined in the foregoing section, not all
are suitable for financial modelling. The work of Harrison and Pliska
[60] shows that only a certain class of processes, called
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DEFINITION 1.5

DEFINITION 1.6

	

X martingale X
t s t

X X .

X local martingale T
n X , t X semimartingale

X X M V .

M V
M V t V

X special semimartingale V
canonical decomposition

X
X

X X t
X, X quadratic variation

X

X, X X X .1
( )

are good candidates. Indeed, the reader familiar with the theory of arbitrage
knows that the stock price process must be a local martingale under an
appropriate probability measure; Girsanov’s theorem then implies that
it must be a semimartingale under any (locally) equivalent probability
measure.

A process is called an - if it is integrable (i.e., [ ]
for all ), -adapted, and if it satisfies, for all 0

[ ] (1 1)

is called a if there is a localizing sequence ( ) such
that for all , ( 0) is a martingale. is called a
if it is -adapted and can be written

(1 2)

where is a local martingale, has a.s. (almost surely) finite variation,
and and are null at time 0. If can be chosen to be predictable,

is called a and the decomposition with such
is called the .

If we need to emphasize the underlying probability measure , we will say
that is a -(semi)martingale.

With a semimartingale are associated two increasing processes,
called the quadratic variation and the conditional quadratic variation.
These processes are interesting because they allow us to compute the
decomposition of a semimartingale under a change of probability measure:
This is the famous Girsanov theorem (see Section 1.3). We give a brief
introduction to these processes here; for more details, see for example [27],
[44], [63], [100], [103], [104], [105].

We first turn to the quadratic variation of semimartingale.

Let be a semimartingale such that [ ] for all . There exists an
increasing process, denoted by [ ], and called the
of , such that

[ ] plim ( ) (1 3)
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, t t t n

X
X X X, X

X Y
compensator X X Y

X Y
X Y

X, Y X Y, X Y X, X Y, Y

M
M M M M M M

M
M N N M
martingale continuous part M M purely discontin-
uous part X
X M V X M
X M

t
X X, X X

X , X X, X X, X X, X .

X X t

X X .1 1
( )

where for each , (0 ) is a subdivision
of [0 ] whose mesh sup ( ) tends to 0 as tends to .

The abbreviation “plim” stands for “limit in probability.” It can be shown
that the above definition is actually meaningful: The limit does not depend
on a particular sequence of subdivisions. Moreover, if is a martingale,
the quadratic variation is a compensator of ; that is, [ ] is again
a martingale. More generally, given a process , another process will be
called a for if is a local martingale. Because of the
properties of martingales, compensation is the key to many properties when
paths are not supposed to be continuous.

Given two semimartingales and , we define the quadratic covariation
of and by a polarization identity:

1
[ ] ([ ] [ ] [ ])

2

Let be a martingale. It can be shown that there exist two uniquely
determined martingales and such that: , has con-
tinuous paths and is orthogonal to any continuous martingale; that is,

is a martingale for any continuous martingale . is called the
of , while is called the

. If is a special semimartingale, with canonical decomposition
, denotes the martingale continuous part of , that is

.
Note that the jump at time of the quadratic variation of a semi-

martingale is simply given by [ ] ( ) . We have the following
important property:

[ ] [ ] [ ] [ ] (1 4)

where the last sum is actually meaningful (see [100]).

We now turn to the conditional quadratic variation.

Let be a semimartingale such that [ ] for all . If

plim ( ) (1 5)
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X, X

X
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X, Y X, Y X, Y X, Y X
Y

X X, Y X, Y
Y

X , X X , X

X X, X X, X
F X

F

at
stopping times

exists, where for each , (0 ) is a subdi-
vision of [0 ] whose mesh sup tends to 0 as tends to

, and the limit does not depend on a particular subdivision, this limit is
called the of and is denoted by .
In that case, is an increasing process.

In contrast to the quadratic variation, the limit in (1.5) may fail to exist for
some semimartingales . However, it can be shown that the limit exists, and
that the process is well-defined, if is a special semimartingale, in

´particular for a Levy process or a continuous semimartingale, for example.
Similar to the case of quadratic variation, the conditional quadratic

covariation is defined as

1
( )

2

as soon as this expression makes sense.
It can also be proven that when it exists, the conditional quadratic

variation is the predictable compensator of the quadratic variation; that is,
is a predictable process and [ ] is a martingale. It follows

that if is a martingale, is also a martingale, and the quadratic
variation is the predictable compensator of . The (conditional) quadratic
variation has the following well-known properties, provided the quantities
considered exist:

The applications ( ) [ ] and ( ) are linear in
and .
If has finite variation, [ ] 0 for any semimartin-
gale .

Moreover we have the following important identity (see [100]):

[ ]

so that if has continuous paths, is identical to [ ]. The (con-
ditional) quadratic variation will appear into the decomposition of ( )

¯for suitable , given by Ito’s formula, which lies at the heart of stochastic
calculus.

We now introduce briefly another class of processes that are memoryless
.
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X Markov process
t F

F X , s F X , s X .

X strong Markov process t
T

t
X

H X
H X

X t

H dX H X X

n t t t t
, t t t n

1
( )

An -adapted process is called a in the filtration
( ) if for all 0, for every measurable and bounded functional ,

[ ( 0) ] [ ( 0) ] (1 6)

is called a if (1.6) holds with replaced by
any finite stopping time .

In other words, for a Markov process, at each time , the whole past is
summarized in the present value of the process . For a strong Markov
process, this is true with a stopping time. In financial words, an investment
decision is often made on the basis of the present state of the market, that
in some sense sums up its history.

A nice feature of Markov processes is the Feynman-Kac formula; this
formula links Markov processes to (integro-)partial differential equations
and makes available numerical techniques such as the finite difference
method explained in Chapter 4. We do not go further into Markov processes
and go on with stochastic calculus. Some relationships between Markov
processes and semimartingales are discussed in [28].

With the processes defined in the previous section (semimartingales), a
theory of (stochastic) integral calculus can be built and used to model
financial time series. Accordingly, this section contains the two results of

¯probability theory that are most useful in finance: Ito’s formula and the
Girsanov theorem, both in a quite general form.

The construction and properties of the stochastic integral are well
known, and the financial reader can think of most of them by taking the
parallel of a portfolio strategy (see Section 1.4 and Chapter 2).

In general, the integral of a process with respect to another one
is well-defined provided is locally bounded and predictable and is a
semimartingale with [ ] for all . The integral can then be thought
of as the limit of elementary sums

“ lim ( )”

where for each , (0 ) is a subdivision of
[0 ] whose mesh sup ( ) tends to 0 as tends to . See [27],
[100], [103], or [104] for a rigorous definition.
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X, Y
H H dY

.
X, H dY H d X, Y .

.
H dY H dY , t

., . ., .

Ito’s formula¯
X X , , X

F C F X

F
F X F X X dX

x

F
X d X , X .

x x

F
F X F X X X

x

X X

F
dF X X dX

x

.F
X d X , X

x x

dZ

F
Z F X F X X X

x

Note an important property of the stochastic integral. Let be
semimartingales and a predictable process such that is well-
defined; the following formula holds:

[ ] (1 7)

where denotes the process ( 0). The same formula
holds with [ ] replaced with , provided the latter exists; this follows
from the linearity of the quadratic variation and the stochastic integral.

We can now state the famous . More details can be found in the
references mentioned previously. Let ( ) be a semimartingale
with values in and be a function of class . Then ( ) is a
semimartingale, and

( ) ( ) ( )

1
( ) [ ] (1 8)

2

( ) ( ) ( )

¯where is the jump process of . Ito’s formula is often written in the
differential form

( ) ( )

(1 9)1
( ) [ ]

2

where

( ) ( ) ( )
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Z

X
X M V X

M V

V V d M, Z
Z

Z

¯Ito’s formula shows that the class of semimartingales is stable under the ac-
tion of functions. In fact, it can be shown that the class of semimartingales

¯is stable under the action of convex functions; this is the Ito-Meyer-Tanaka
formula (see [100] or [103]). We will not need it in this book and we content
ourselves with (1.8) and (1.9).

¯Together with Ito’s formula, Girsanov’s theorem is probably the best-known
theorem in the world of finance. It allows one to compute the decomposition
of a semimartingale under a change of probability. Let us state the result:

Let 0 be fixed and be a strictly positive, uniformly integrable
-martingale with [ ] 1. We can then define a probability on by

the formula

( ) [1 ]

Let be a -semimartingale, where is a -local martingale.
Then

1
: [ ] (1 10)

is a -local martingale. Note that the process [ ]
has finite variation, hence is a -semimartingale with decomposition

.
If the predictable covariation of and exists, then

1
: (1 11)

is a -local martingale. In particular if is a special -semimartingale, with
canonical decomposition , then is a special -semimartingale,
with canonical decomposition , where

1

Girsanov’s theorem states that the class of semimartingales is stable
under a locally equivalent change of probability. The same result holds with
weaker assumptions on the density process (see [100] or [103]). In this
book we will always deal with processes such that Equation (1.11) is true,
which is the most interesting case of Girsanov’s theorem.
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1.5 Two Canonical Examples

no loss of information

dt t t

fair game

In this section, we hint at basic financial interpretations of the notions
introduced earlier. The financial meaning should become clearer in further
chapters as more practical examples are developed. The reader may also
consult [69] or [89].

First of all, the use of stochastic processes in financial modeling refers
to the uncertainty about the future evolution of stock prices. As already
mentioned, the notion of a filtration is used to represent the flow of
information. Note that the use of a filtration assumes
as time goes on. This is somehow balanced by the use of Markov processes
and the renewal property. Adaptedness of price processes means that the
price of the assets is determined on the basis of the information available.
Predictable processes will be used to represent portfolio strategies (the
number of shares the investor chooses to hold); the decision has to be made
before a jump happens—if any.

The stochastic integral expresses the result of a portfolio strategy; that
is, the sum of the gains and losses experienced by the portfolio in elementary
intervals of time. Here “elementary interval” means “infinitesimal interval”
(or ) in continuous time, or the smallest interval in a subdivision ( )
in discrete time.

A martingale is a translation of the concept of a , hence of no
arbitrage (see next chapter for details). Semimartingales can be interpreted
as martingales seen from another probability measure, such as asset prices
seen not from the market point of view but from the personal point of view
of an investor.

Girsanov’s theorem allows us to transfer from the market point of view
¯to a subjective point of view and vice versa; Ito’s formula expresses that

products based on primary assets have the same price structure and do not
change the nature of the market. Moreover, these two results give us the
decomposition of processes as semimartingales, which can be seen, loosely
speaking, as a mean-variance decomposition in infinitesimal time.

The Markov property can be interpreted as a translation of the market
efficiency hypothesis: At a given time, all the information is revealed by the
present value of prices or state variables. The models we will present in sub-
sequent chapters all use strong Markov processes; although the price process
itself is not necessarily a Markov process, the (multidimensional) process
that also incorporates state variables does possess the Markov property.

To illustrate the theory described previously, we present its application to
two very common processes that will be used extensively in the sequel:
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DEFINITION 1.9

, ,

W -Brownian motion

t W
s t W W

t s
t W

X t W

s t

W W W W

W

W
W t W

W, W t W, W W, W

S e

S S S du S dW S d W, W

S S du S dW

dS S dt dW

´Brownian motion and Poisson processes. Both these processes are Levy
processes, a class of processes that will be studied in detail in Chapter 3.

Let us first turn to Brownian motion. Most of the financial models in
use today are based on Brownian motion and on derived processes such
as diffusion processes. These processes are studied in great detail in [68]
and [103]. Recall the basic setting: We have a probability space ( )
endowed with a filtration .

A process : is an if

For all , is -measurable.
For some 0, for all 0 , the variable is independent
of and has a Gaussian distribution with mean 0 and variance

( ).
With probability 1, its paths are continuous.

For and 0, the process : is called a Brownian
motion with drift.

Because of condition 2 in Definition 1.9, we have for :

[ ] [ ]

so is a martingale (hence also a semimartingale). Moreover it is easy
to see that is also a martingale, so the quadratic variation of is
[ ] (and [ ] because the paths are continuous).
The important result that these two properties characterize an -Brownian

´motion was discovered by Paul Levy (see [103]).
¯Consider the process for and 0. By Ito’s

formula, we have

1
2

( 2)

or in the differential form (1.9)

( 2)
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DEFINITION 1.10

Z e Z

A Z A

W W d W, Z
Z

W, Z Z ds W W t
W , W t W

N -Poisson process

t N
s t N N

t s

t s
N N k e

k

N

intensity

N
N N t

compensated Poisson process N, N
N, N N

N, N N, N t

S e

S S S du S dN S S S N

S S du S e

2
Consider now the process ( ): is a positive,

uniformly integrable martingale with expectation 1. Define a probability
measure by ( ) [ 1 ] for . By Girsanov’s theorem,

1

is a -martingale. Because , we see that ;
´because , we conclude, by Levy’s result, that is a Brownian

motion under .
Let us now turn to the Poisson process, and follow the same lines as

we did for the Brownian motion. The underlying probability space and
filtration remain.

A process : is an if

For all , is -measurable.
For some 0, for all 0 , is independent of , and
has a Poisson distribution with parameter ( ); that is,

( ( ))
[ ]

!

With probability 1, the paths of are continuous from the right, and
all the jumps have size 1.

is called the of the process.

Note the similarity to the definition of the Brownian motion. itself is
not a martingale, but one can check that is a martingale,
called a . It is also easy to check that [ ]
[ ] and that the conditional quadratic variation exists and is given

´by . Similar to the result of Levy for the Brownian
motion, Watanabe showed that these properties characterize an -Poisson
process (see [103]).

¯Consider the process . By Ito’s formula, we have

( )1

( 1)1
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dS S dt e dN

S e

Z e

A Z A

N N d N, Z
Z

N, Z N, Z dN Z d N, N Z ds

N N t N t
N

or, in the differential form (1.9)

( ( 1) )

In particular, we see that is a martingale if ( 1) (or, equiva-
lently, ln(1 )).

For 1, consider the process ; according to the
preceding remark, this is a positive martingale, with expectation 1. Define a
probability by ( ) [1 ] for . By Girsanov’s theorem,

1

is a -martingale, where by (1.7)

So we have (1 ) . By the characterization result
of Watanabe just mentioned, is a Poisson process under , with intensity
(1 ).

¯The two examples presented above highlight the use of Ito’s formula
and Girsanov’s theorem in very simple cases. These can be considerably
generalized: Brownian motion is the basis for the construction of a large
class of processes with continuous paths, called diffusion processes, which
have been extensively studied and are used in most financial models today.
Poisson processes can be generalized in many ways. Their intensity can be
taken as a function of time; as a function of an underlying stochastic process,
leading to so-called Cox processes or marked point processes (see [18] or
[35]); or even as a measure on a measurable space. The characterization
result mentioned previously remains valid in most of these cases.

In this chapter we have tried to summarize very briefly the principal
mathematical notions of the theory of stochastic processes and stochastic
calculus, without restricting attention to the case of continuous paths, as is
often the case in finance. By adopting an intuitive point of view, we hope to
facilitate comprehension for the reader who is not necessarily familiar with
this theory; we lose a little precision and generality from a theoretical point
of view, but we try to maintain a certain level of rigor. The two examples we
studied show typical uses of the tools of stochastic calculus in the context
of financial applications.

In the following chapters we will not always explicitly refer to the
concepts introduced here. However, they are the ground upon which the
theory and applications developed in the following chapters rely.
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IncompleteMarkets

A ssume we model the prices of a set of assets as a stochastic process
on some probability space. It is then well known that there is a

close connection between the no arbitrage of the market in this model
and the existence of a measure under which the discounted prices are
martingales (a martingale measure). Furthermore, there is a connection
between completeness in the model and the uniqueness of a martingale
measure. In this chapter, we illustrate why these connections are in some
ways quite obvious (at least at an intuitive level) and we describe the exact
relationships between martingale measures and completeness/no arbitrage.
The rest of the chapter is devoted to incomplete markets and to how to
make incomplete markets complete by adding more tradeable instruments.
We explore the relationship between the “number of martingale measures”
and the number of traded assets needed to make the market complete, and
finally we discuss hedging and pricing in incomplete markets (as every real
market is).

The aim of this and the following chapter is to explain quite technical
concepts in a way that is of value both to an audience without a background
in the general theory of stochastic calculus and to those with a solid
knowledge of stochastic processes. In order to achieve this we will describe
every concept in a fairly nonmathematical way before the mathematical
definitions are given.

The concept of equivalent martingale measures is a key point in the theory of
derivatives pricing, because it turns out that completeness and the absence of
arbitrage can be determined from the existence and uniqueness of equivalent
martingale measures.
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DEFINITION 2.1

B t r s ds

r
r t t t dt

N S S , , S S t , , S t
r

B S
B

S
S r

t
S u r u u t

, t ,
r S adapted

r S t
t S t

I S u I S
I B t B T

I
B t B T t

T
t

t

, , , t ,

S B

We are considering a market with a money market account

( ) exp ( )

where is interpreted as the continuously compounded short rate. That
is, ( ) is the interest rate for the period to . Furthermore, we
assume there are “risky” assets ( ) ( ( ) ( )). Even
though the money market is called riskless, can certainly be (and in general
is) a stochastic process. However, is less risky than in the sense that
the short-term return on is known, whereas it is generally completely
unknown for .

Clearly, the fact that and are stochastic processes must reflect
the fact that future values are unknown. However, at time , we know

( ) and ( ) for all . As described in Chapter 1, these properties
are modeled by the increasing family of -algebras [0 ) . We
require that and be to . Loosely speaking, this means
that events that can be described by the values of and up to time
are part of , the information available at time . Events like ( )

and sup ( ) (provided is continuous from left or right),
where is some interval, are typical, but events like [ ( ) ( ) ]

are also interesting. If is expectation under a suitable measure,
[ ( ) ( ) ] is actually the price at time of the zero-coupon bond

maturing at .
Since is interpreted as the knowledge we have at time , should

not contain too much information about what happens after time . In fact,
it would be natural to work exclusively with filtrations consisting of the
minimal -algebras such that the traded assets are adapted. For technical
reasons, this is not possible, but such filtrations describe the framework we
are working in pretty well, and this should normally be the way one thinks
about . Exceptions include models with an unobservable state variable,
such as most stochastic volatility models, which we will describe in further
detail later (see Example 2.4).

The mathematical framework in which we are working consists of a prob-
ability space ( ) endowed with a filtration [0 ) which is
right-continuous and complete (it satisfies the “usual conditions”). The
tradeable assets and as defined above are assumed to be progressively
measurable with respect to .
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REMARK

s t

s, , t S s,

, t , t
, t

A A
A

S t
S t r s ds S t

B t

all

X X t
X t X s t s t

Progressive measurability of a process means that for any 0, the
map

( ) [0 ] ( )

is measurable with respect to [0 ] where [0 ] is the Borel
-algebra on [0 ].

ˆIn this general framework, an equivalent martingale measure is any
ˆprobability measure that is equivalent to (i.e., for any set , ( ) 0

if and only if ( ) 0) and such that the deflated asset prices

( )˜ :( ) exp ( ) ( )
( )

ˆare martingales under . We note that the deflated money market asset
is trivially a martingale under all probability measures. In fact, it con-
stantly equals 1, and traded assets deflated are thus martingales under a
martingale measure.

ˆ ˆA martingale is a stochastic process such that [ ( ) ] and
ˆ [ ( ) ] ( ) for all 0 and all 0 (cf. (1.1)). So under a
martingale measure the expected returns on all traded assets are the same
even though they are not all equally volatile. For this reason, a martingale
measure is also called a risk-neutral measure. Of course, the equivalence
of measures is very important, and it is also imposes significant restrictions
on the martingale measures we can consider. For instance, the Girsanov
theorem implies that if we have a Brownian motion on a probability space,
then under any equivalent measure, this process will be a Brownian motion
with drift.

Pricing of derivatives in complete markets with no arbitrage opportunities
is simply a question of replicating the payout of the derivative by a self-
financing trading strategy and then using the value of the replicating portfo-
lio as the price of the derivative in question. A self-financing trading strategy
is a way of trading the underlyings without adding or withdrawing money
from the total portfolio. To illustrate these concepts, let us look at an almost
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DEFINITION 2.2

S
t T

S T S B T

K T
T S T K

S K B T B
B T K B T B

T
K

S K B T
S K B T

S K B T

S K B T

S

T

x V X x
V X

X u dS u r u V u S u X u du .

t T

V t x X u dS u r u V u S u X u du

trivial example that replicates a forward contract and therefore determines
the price of the forward.

Assume asset number 1 does not pay dividends. Borrow (0) at time
0 and buy 1 unit of asset number 1. Then at time 1 year sell the

stock for ( ) and pay back the loan at (0) ( ). If interest rates are
deterministic (or if it is possible to borrow money for 1 year at a fixed
rate, which it normally is) the payment on the loan is known already at
time 0, and this self-financing strategy replicates the payoff on a forward
contract on asset 1. To continue this example, let us assume that interest
rates are in fact deterministic and that party A would like to do a forward
contract with party B to buy one stock of asset 1 for at time 1
year in the future. Hence at time , A receives ( ) . Now if party
B receives (0) ( ) at time 0 (remember that is deterministic, so

( ) is known at time 0), then by taking out a loan of ( ), can buy
the stock. At time , the stock is sold to the customer for the contract price
of , which will exactly pay back the loan. Hence B would be happy to
sell the product for any price greater than or equal to (0) ( ), and
A should not buy the product for more than (0) ( ). So clearly,
the forward can be replicated, and in an arbitrage-free market the fair price
would be (0) ( ). Of course, in principle there could be another
self-financing trading strategy that replicates the payoff and that requires a
different initial endowment from (0) ( ). This would be an example
of arbitrage.

Loosely speaking, a given financial market is complete if every contin-
gent claim (derivative) can be exactly replicated by trading the assets and
the money market account, and no arbitrage means that it is impossible to
make a positive profit (over and above the money market return) with no
risk of an actual loss. More precisely:

A contingent claim that pays out at time is a measurable random
variable.

A self-financing trading strategy is a triple ( , , ), where
and and are adapted processes such that

( ) ( ) and ( )( ( ) ( ) ( )) (2 1)

are well defined for and

( ) ( ) ( ) ( )( ( ) ( ) ( ))
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Z
T x V

X

V T x X u dS u r u V u S u X u du Z

x V X x V T V T

X u dS u X u dS u

S u X u N
S

X

X S
X

x
X

S V

t V t X t
V t X t S t

t, t t

X t S t t S t r t V t X t S t t

X

The market is said to be complete if, for every contingent claim
paying out at time , there exists a self-financing trading strategy ( , ,

) such that

( ) ( ) ( ) ( )( ( ) ( ) ( ))

with probability 1.
( , , ) is called an arbitrage if 0, ( ) 0, and ( ) 0

with positive probability. The market admits no arbitrage if there are no
such arbitrage strategies.

In fact, the definition of no arbitrage above is too restrictive in continuous
time, as we will see in Example 2.3 and Section 2.4. For now, however, we
will stick to the restrictive definition, which works fine in discrete-time cases
and certainly illustrates the concept of arbitrage well.

The integrals are to be interpreted as

( ) ( ) ( ) ( )

and ( ) ( ) is just the usual scalar product between -vectors. The
¯integrals are Ito stochastic integrals, so we assume that is a semimartingale

(cf. (1.2)) that is continuous from the right with limits from the left.
¯We will not go into detail about the Ito integral and when it is defined;

we will only mention that we require to be predictable with respect to
the filtration and that (almost) every path is continuous from the right
with limits from the left. Apart from this, finiteness of certain expectations
involving and may be required for the integrals to be well defined. If
we consider only continuous processes, it is enough to assume that is
adapted.

A self-financing trading strategy is a collection of the initial value of
the portfolio; the stochastic process , which specifies the amount of the
asset that is part of the portfolio at any time; and , which is just the value
of the portfolio. As described above, for a self-financing trading strategy all
changes in the holding of any asset must be financed by buying or selling
other assets (including the money market). As we see in (2.1), if the total
portfolio value at time is ( ) and we hold ( ) assets, then the amount
of money in the money market account is ( ) ( ) ( ), and our return
over [ ] is approximately

( ) ( ( ) ( )) ( )( ( ) ( ) ( ))

So intuitively, it seems very reasonable to use (2.1) as our definition of a
self-financing portfolio. More rigorously, for a portfolio where is constant
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V u X t S u r s ds V t S t X t .

u t, t t

r s ds X t S u X t S t

r s ds X t dS u

r u r s ds X t S u du

r s ds V t r s ds X t dS u

r u r s ds X t S u du

r u du V u V t

r s ds dV u r u V u du

V t

V u r s ds r u du V u

r s ds dV u r u V u du

r s ds X t dS u

r u r s ds X t S u du

over [ ), we get

( ) ( ) ( ) exp ( ) ( ( ) ( ) ( )) (2 2)

for [ ]. Now using the fact that

exp ( ) ( ) ( ) ( ) ( )

¯exp ( ) ( ) ( )

¯ ¯ ¯( ) exp ( ) ( ) ( )

we see that the right-hand side of (2.2) equals

¯exp ( ) ( ) exp ( ) ( ) ( )

¯ ¯ ¯( ) exp ( ) ( ) ( )

Similarly,

¯ ¯exp ( ) ( ) ( )

¯ ¯ ¯ ¯exp ( ) ( ) ( ) ( )

If we insert the expression for ( ), we get

¯ ¯( ) exp ( ) exp ( ) ( )

¯ ¯ ¯ ¯exp ( ) ( ) ( ) ( )

¯exp ( ) ( ) ( )

¯ ¯ ¯( ) exp ( ) ( ) ( )
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a b c
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a, b, c
S

S t
a t a

S , t
b t b
c t c

a, b, c

a, b, c

continued

which, of course is equivalent to

( ) ( ) ( ) ( )( ( ) ( ) ( ))

Hence, for trading strategies that involve only discrete-time trading, it is
obvious that (2.1) is a good definition of a self-financing strategy. Letting

0, a sequence of discrete-time self-financing strategies will tend to a
strategy that satisfies (2.1), which is therefore our definition of a general
self-financing strategy.

Note also that any and sufficiently well-behaved define a unique
self-financing strategy by (2.2), and conversely, if ( ); [0 ] is
the value of a self-financing strategy, then and are uniquely defined.

We now give a few very simple examples to illustrate the concepts.

Assume that there is only one asset, , which stays constant during [0 1)
and [1 ) (this is really a one-period model). We assume that the asset
price starts at (0) and that at time 1 the price can jump to , , or
with probabilities [0 1], [0 1], and 1 [0 1].
Furthermore, we assume that .

For simplicity let us assume (as we will in fact often do) that 0.
As probability space, we can use the set , and we can define the
process on this probability space by

(0) if 1
if 1 and (Figure 2.1)( )
if 1 and (Figure 2.2)
if 1 and (Figure 2.3)

If is the original probability measure on , then a proba-
ˆbility measure is equivalent to if and only if

ˆ: ( ) 0 ( ) 0

( )
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, a, b, c a
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continued

ˆFurthermore, is a martingale under if and only if

ˆ ˆ ˆ( ) ( ) ( ) (0) (2 3)

If we start by assuming that 0, an equivalent martingale
ˆmeasure must solve (2.3) with ( ) (0 1) for . If

(0), there is clearly no solution (recall ). In this case there is

( )

�

�

�
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EXAMPLE 2.1 ( )
S

S
S

S c S

a S c

,

V t X t S V t X t S , t ,

X t X t S
x X t x

a S c p , p

xS y x
y

p
a S c S

a S c

Z F S a, c x
y Z

x y

ax y F a
cx y F c

a c
F

also a clear arbitrage, because we can borrow (0) at time 0 and buy
asset 1. At time 1, we then sell the stock and receive at least (0) (and
strictly more than (0) with positive probability) and pay back the loan
of (0). Similarly, if (0), there is no martingale measure and an
obvious arbitrage (this time we sell the stock at time 0 and buy it back
at time 1).

On the other hand, if (0) , there are infinitely many
solutions for a martingale measure. In this case it is easy to show that
there is no arbitrage in the model, because any portfolio is deterministic
on [0 1), and in fact, for any self-financing trading strategy with initial
value less than or equal to 0,

( ) ( ) (0) ( ( ) ( ) (0)) 0 [0 1)

So we hold ( ) in stock and ( ) (0) in the money market. Define
lim ( ). Then we clearly need 0 if there is to be a positive

probability of positive value of the portfolio at time 1. On the other
hand, because (0) , and because 0 no matter what
nonzero amount of stock we hold, there is a positive probability of a
negative portfolio value at time 1. On the other hand, the market is
incomplete, as we easily see by noting that the value of any portfolio at
time 1 is (1) (where is the amount of stock that is held at time 1
and the amount of money in the money market account). Obviously,
such a portfolio value cannot replicate 1 (the indicator function).

Now let us assume that 0 and the two other probabilities
are positive. As before, if (0) or (0), there is no martingale
measure (and there is arbitrage). But now, if (0) , there is
exactly one equivalent martingale measure. Again, it is easy to show
there is no arbitrage, and now we can also easily show that the market
is complete. In fact, completeness can be shown if we can show that any

-measurable random variable can be replicated by a static portfolio
set up at time 0. But a -measurable random variable is simply

( (1)) for some function on . If denotes the amount of
stock and the amount of cash we hold at time 1, then, to replicate ,

and must satisfy

( )
( )

and because , this set of equations has exactly one solution for
any function .
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,

x, V, X x V V

continued

It is interesting to note that if we make the jump time stochastic in
Example 2.1, it is not possible to achieve completeness no arbitrage.
This is because the randomness of the jump time in effect simply adds
the possibility of a jump of size 0, and, as we saw in this example, we
have completeness and no arbitrage if and only if there are only two
possible jump sizes where one is strictly positive and the other strictly
negative.

This also illustrates the fine line between completeness and no arbitrage.
There has to be an equivalent martingale measure to avoid arbitrage, but
the market is incomplete if there are more than one equivalent martingale
measures. More informally, no arbitrage is ensured if we have sufficient
randomness in the market, but too many sources of randomness make the
market incomplete.

It is worth pointing out that the reason we cannot achieve no arbitrage
and completeness when we introduce random jump times in Example 2.1
is that the stock has zero drift (actually, that the drift is the same as the
money market rate of return). The point here is that by changing to an
equivalent measure, we can change the jump intensity, but, of course, we
cannot change the deterministic jump size. This is illustrated in the following
example.

Let be exponentially distributed with parameter (i.e.,
[ ] 1 ) and define

min 1
( ) 0 1

(1) 1

Here is the risk-free interest rate, which we assume is nonnega-
tive and deterministic. This could be a model of a defaultable bond
that matures at time 1, paying 1 if there has been no default before
maturity and paying 0 in the case of default before maturity.

Clearly, if , the market admits arbitrage (short-sell the bond
and invest the proceeds in the money market).

On the other hand, if , the market is arbitrage free. This is
easy to see if we introduce ˜ min 1 and note that we can show
no arbitrage by showing that there is no self-financing trading strategy
( ) with initial value 0 such that ( ˜ ) 0 and ( ˜ ) 0
with positive probability.

( )
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X u S u du r V u X u S u du

rV u r V u du

V u du

V t V

Z

Z F

assume
Z V t f t, S t

t
f t, t

continued

To have ( ˜ ) 0, we must have

( ˜ ) ( ˜ ) ( ˜ ) 0

which in fact implies that

( ) ( ) ( ) 0 (2 4)

because the default can obviously happen at the next instance (or,
more mathematically, for each 1, the -algebra on
( ) generated by ( ) is and [ [ ]] 0

for all 0).
Because of (2.4) and the fact that ( ) is self-financing with

initial endowment 0,

( ) ( ) ( ) ( ( ) ( ) ( ))

( ) ( ) ( ( ) ( ) ( ))

( ( ) ( ) ( ))

( )

By Gronwall’s lemma, ( ) 0, and therefore 0 and there is no
arbitrage.

To show that the market is complete, we must show that any
measurable random variable can be replicated by a self-financing
strategy. In this case, we can clearly write any such random variable as a
(Borel measurable) function of , ( ). Because completeness can
be shown by referring to representation theorems for martingales, as
we shall see in the following, we will not rigorously prove completeness
here. However, let us that the value of the contingent claim,
which pays out at time 1, is uniquely determined as ( ) ( ( ))
(which, of course, again means that the value depends on time to
maturity and on whether default has happened). Let us assume that
default has not happened at time . Then the value of the derivative
is ( exp( ( 1))). If we hold stocks and in the money market

( )
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t, t t

t t f t t, e e e

t t f t t, e

f t t, f t t, e t t

t t

f t t,
t, t t t

W W , , W W t , , W t K

W b , ,

continued

�

account, the value of a portfolio consisting of the derivative and the
stocks and in the money market account equals

( ) ( )

If there is no default in [ ], the value of the portfolio changes to

( ) ( )

and if there is a default, the value is

( ) ( 0)

Clearly, by having

( ( 0) ( )) exp( ( 1))

the value of the portfolio at does not depend on the occurrence
of default. In this special (and trivial) case, where the value of the claim
depends only on the occurrence or nonoccurrence of default, we can
statically hedge the claim. However, it is also clear that even if the
default value of the claim is not in fact ( 0) but depends on the
actual time (in [ ]) of default, by making sufficiently small
we can make the uncertainty as small as we like (provided of course,
the default value is smooth with respect to the time of default). So, by
approximating default times with discrete time, we can replicate the
claim.

We end this section of examples with the classical diffusions:

Assume ( ) ( ( ) ( )) is a -dimensional
Brownian motion, and assume is the completion of the -algebra
generated by . If : [0 ) and : [0 )
are bounded, Borel measurable, and Lipschitz continuous with respect
to the space parameter, then we can define the traded assets as the

( )
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t

t, S t t r t b t, S t , t T .

continued

unique solution of the stochastic differential equation

( ) ( ( )) ( ) ( ( )) ( ) ( )

with given initial conditions.
If (0) 0, then there is a random variable (actually a

stopping time) such that ( ) 0 for all [0 ). For such , we can
¯use Ito’s formula on ln ( ) to obtain

1
(ln ( )) ( ( )) ( ( ))

2

( ( )) ( ) 0

From the classical existence-uniqueness results (cf. [68] or [103]), we
know that does not explode in finite time, so, of course, ln ( ) cannot
reach in finite time. More precisely,

lim inf ; ln ( ) a.e.

˜On the other hand, ( ) ( ) and ˜ ( ) ( ) are globally
Lipschitz on ( 0], and we therefore also have

lim inf ; ln ( ) a.e.

by the usual existence-uniqueness results. Hence, ln ( ) does not ex-
plode in finite time, and we therefore conclude that ( ) 0 for all .

Because of Girsanov’s theorem, in this framework the existence
and uniqueness of an equivalent martingale measure are determined
by the existence and uniqueness of progressively measurable solutions

( ) of the equation

( ( )) ( ) ( ) ( ( )) (2 5)

( )
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t, x t, x
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W

t, x N K N
N K

K N
N K N K

K N

and

t, x

where ( ) is the -vector with ( ) ( ) (the instantaneous interest
rate), is our time horizon, and must satisfy

( ) (2 6)

and

1ˆ exp ( ) ( ) ( ) 1 (2 7)
2

where is the usual norm in .
For (2.5) to have a solution, the matrices ( ) and [ ( )

( ) ( )] ( with ( ) ( ) as an added column) must have the
same rank (almost everywhere with respect to Lebesgue measure and
the distribution of ). If (i.e., there are fewer traded assets
than sources of randomness ) there are clearly solutions to (2.5) if
rank( ( )) . In fact, the space of solutions is in some sense
dimensional. On the other hand, if (more assets than sources of
randomness), there is in general no solution.

Hence, if we ignore the technical conditions (2.6) and (2.7), in
general we have a dimensional space of equivalent martingale
measures if and no equivalent martingale measure if .
Using the results in Section 2.4, we can translate this into no arbitrage
and completeness, and we see that to avoid arbitrage we need at least
as many sources of randomness as traded assets ( ), and for
completeness we need as many traded assets as sources of randomness.
Finally, only if the number of traded assets is the same as the number
of sources of randomness can we possibly have no arbitrage
completeness. In fact, we have a complete market with no arbitrage in
this situation as soon as the matrix is sufficiently regular:

( )

for some 0.

In discrete-time models, the relationship between martingale measures and
completeness and no arbitrage is completely unambiguous:
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THEOREM 2.1

, , n , , k
S S , , S N

,
S

not

n

will

Let ( ) be a probability space, and let ; 1 be a
filtration in . Let ( ) be a vector of semimartin-
gales with respect to ( ). The market consisting of the money
market account and as the traded assets is complete and admits
no arbitrage if and only if there is a unique equivalent martingale
measure.

In fact, under the assumptions given, the market is arbitrage free if and
only if there exists an equivalent martingale measure. The market is then
complete if and only if the martingale measure is unique. If there is no
equivalent martingale measure (equivalently, the market admits arbitrage),
the market can be both complete and incomplete. This last assertion is
obvious because we can take an arbitrage-free, complete market and add
an extra tradeable asset that is a martingale under the martingale
measure. That way, there is no equivalent martingale measure in the new
market, but, of course, the market is still complete. Or we can take a
market with no equivalent martingale measure and add (in a direct sum
manner) an independent and incomplete set of traded assets. Because the
two sets of traded assets are independent, the lack of a martingale measure
in one set and the incompleteness in the other persist in the total set,
which is therefore an incomplete market with no equivalent martingale
measure.

Things are slightly more complex in continuous time, because arbitrage
needs to be defined more carefully. In fact, as mentioned before, the
definition given in (2.2) is too restrictive in continuous time. The problem
is that it is actually possible to generate something out of nothing if we
have infinitely many rehedges. This is well known from roulette, where the
doubling strategy in principle wins every time: Play one unit on red. If red
comes up, pocket the one-unit profit; else, place a bet of two units on red.
Continue this doubling strategy until red comes up. If red first comes up at
the th play, the total profit is

2 1
(1 2 2 ) 2 2 1

2 1

In other words, this doubling strategy yields a profit of 1 no matter when red
comes up the first time, and red come up at some time, with probability
1. The only problem is that this strategy requires unlimited funds to carry
out, and therefore it is a type of strategy that should be ruled out when we
determine whether there is arbitrage.
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x, V, X
K V t K t

no free lunch with vanishing risk

, V , X , T V T
V T V , V

, , S
S , , S

S

unique

Following Delbaen and Schachermayer [32], we can define

A self-financing trading strategy ( ) is called admissible if there is a
number such that ( ) with probability 1.

and the concept of : The market admits free
lunch with vanishing risk if there is a sequence of self-financing admissible
trading strategies (0 ) on [0 ] such that the negative parts ( )
tend to 0 uniformly and ( ) [0 ] with 0 with positive
probability.

The result of Delbaen and Schachermayer is the following equivalence
between the existence of an equivalent martingale measure and no free lunch
with vanishing risk:

Let ( ) be a probability space with a filtration and let
( ) be a vector of semimartingales. The market consisting of the
money market and admits no free lunch with vanishing risk if and only
if there is an equivalent martingale measure.

We can compare this result with the result from Shiryaev [112], that the
market in Theorem 2.2 is complete if there is a martingale measure,
to obtain a result that is very similar to the result in discrete-time markets:

The market in Theorem 2.2 is complete and admits no free lunch with
vanishing risk if and only if there is a unique martingale measure.

Hopefully, the examples and results in the last two sections have illustrated
the interesting relationship between equivalent martingale measures and
the concepts of no arbitrage and completeness. The rest of this chapter is
devoted to completeness, which in practice seems to be of much greater
importance in derivatives pricing than no arbitrage, for the very simple
reason that a model that admits arbitrage would have to be discarded as a
sensible mark-to-market tool. Arbitrage in the model would allow internal
arbitrage, so that fictitious profits and losses could be created. Hence, the
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a priori

dS t t S t dt v t dW t

v t

dv t v t dt v t dW t .

W
W

r r t

S

S

dr t a t b t r t dt t dW t

a, b,

model has to be arbitrage free. As we will see below, the models that are
used will generally be specified such that no arbitrage is ensured. On the
other hand, it is a fact of nature that real markets are incomplete, so it is
important to realize how to handle incompleteness.

As we will see below, there is incompleteness that can be rectified, and
there is incompleteness with which the trader has to live. In equity markets,
stochastic volatility models are prime examples of markets that are
incomplete but which can be made complete by adding more traded assets:

In the Heston model (cf. [61]), the asset is given by

( ) ( ) ( ) ( ) ( )

where the volatility ( ) satisfies

( ) ( ( )) ( ) ( ) (2 8)

Here is some progressively measurable process such that there is a
solution to the equation, , , and are nonnegative, and and

are Brownian motions with correlation . We also assume that the
short rate ( ) is deterministic.

It is quite obvious that the market is incomplete (except if 1)
even if we use the filtration generated by alone. But it is also fairly
clear that the market “should” be complete if we add another adequate
traded asset on top of .

In interest rate products a similar type of incompleteness occurs when
only the interest rate process is specified. The market is not complete before
at least one traded asset (which “depends” on the rate) is introduced. Of
course, for derivatives on interest rates, the traded bonds are obvious assets
to include in the model.

In the Hull-White interest rate model, the short rate is given by the
stochastic differential equation

( ) ( ( ) ( ) ( )) ( ) ( )

where are deterministic functions. To make the market complete,
we need at least one more traded asset than the money market.
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It is worth pointing out that in these more complicated models, it makes
a difference under which measure we specify the processes, because we do
not specify the dynamics of all the traded instruments directly. Rather, we
specify (market-unobservable) processes, which we must fit to the market.
Depending on what the purpose of the model is, we might want to model
the market directly in the martingale measure or in the real-world measure.
For instance, if we have made statistical analyses (which take place in
the real-world measure) to show that the volatility does indeed satisfy an
equation like (2.8), we must clearly use the Heston model of Example 2.4
in the real-world measure. Such models, however, are much better suited
for “prediction,” or statistically arbitraging possible market imperfections,
than for mark-to-market models. For mark-to-market models, we always
work in the martingale measure to avoid arbitrage, and we therefore model
in this measure directly.

To show the impact of the measure we use for the model, let us introduce
(highly artificially and only for the sake of argument) a traded asset given
by

( ) ( ) ( ( ) ( ))

¯ :into the Heston model (the process is independent of ,
so we can make a change of measure that changes the drift of without

¯affecting the drift of ). Now assuming that the short rate and in Example
2.4 are sufficiently well behaved (for instance measurable and bounded),
there is a unique martingale measure (provided remains positive, i.e.,
up to some positive stopping time), so the market is arbitrage free and
complete, and prices are calculated as expectations under the martingale
measure of the discounted payout. Now under the risk-neutral measure, we
are replacing ( ) by

˜ ( ) ( ( ) ( )) ( )

˜where is a Brownian motion under the martingale measure.
Hence, under the martingale measure, the stochastic volatility is given

by

˜( ) ( ( )) ( ) ( ) ( ( ) ( ))

The function is not observable, so we have in effect made the model
much more complicated by changing the measure, because we have replaced
the time-independent by a stochastic process. If the model is used for
pricing and hedging derivatives, it is certainly much more natural to model
in the martingale measure and impose the right (risk-neutral) drift on the
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traded assets from the beginning. That way, the model will automatically
be free of arbitrage and we avoid a lot of technical problems related to the
strict positiveness of the short volatility and the boundedness of . In
the remainder of this chapter, we will always model directly in a martingale
measure. Note also that we are not losing any generality by modeling in
a martingale measure, because we can always enhance the model in the
martingale measure.

Now let us return to the Heston model and the problem of making it
complete. First of all, we are modeling under a martingale measure, so

( ) ( ) ( )

where is the dividend yield of . In Example 2.4, we conjectured that
the market would be complete if there were one more traded asset. Now,
clearly, by this we mean an asset that is linearly independent of . In many
ways, it would be convenient if we could just use the short volatility
itself, but that is certainly not traded. But if we assume there is a nonlinear
option on that is traded, this option would probably complete the market.
More specifically, let us assume that there is a call option on , with strike

and maturity , that is actively traded, so that at any time we have a
reliable market price ( ). Now, because we are working in the martingale

ˆmeasure , we must have

ˆ( ) [ ( ) ]

ˆ [max ( ) 0 ] (2 9)

where is the -algebra generated by and . In practice, we then use
the knowledge of ( ) today to determine the values of the parameters in
the model (of course, we normally have several market instruments with
which to calibrate the parameters). In terms of completeness of the market
consisting of the traded assets and , it turns out that ( ) is a smooth

¯function of and (again, refer to [61]). Using Ito’s formula, it is then not
difficult to show the completeness.

As we have just seen, a market can in some cases be completed by adding
more traded instruments. In general, we need as many traded instruments
as we have sources of randomness. The term “source of randomness” is not
very well defined, which is one of the reasons equivalent martingale measures
are useful. As long as there are more than one equivalent martingale
measures, we need more traded instruments to make the market complete.
We now state this (in a Hilbert space setup) in terms of the dimension of the
orthogonal complement of a “stable” space generated by the set of traded
instruments.
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For simplicity, we consider a market given by a filtered probability
space ( ) and traded instruments ( ). We assume
that there is at least one martingale measure, and for simplicity (and without
loss of generality) we assume that is already a martingale measure and that
interest rates are 0. Consider a fixed time horizon , and restrict the claims
we want to be able to replicate to ( ) claims. Lastly, we consider only
traded assets such that ( ) ( ). Note that are all martingales,
and if we define

martingale; sup ( )

then (see [44]). Every (signed) martingale measure can be rep-
resented by its density , and we will consider only measures with

( ). For such , we have

[( ( ) (0)) ] 0 (2 10)

for any stopping time . Define the set of random variables

: ( ) (0); stopping time 1 (2 11)

and let denote the set of ( ) such that (2.10) holds for all
1 . Because is a stable subset (in Elliott’s sense, cf. [44]), the

converse also holds: namely, if in the sense that [ ] 0 for all
, then the signed measure with density is a martingale measure. So

the traditional positive probability measures that are equivalent martingale
measures as well simply consist of the convex cone

: ; [ ] 1 0

We want to give conditions for and also provide a relation
between the size of , or simply the dimension of , and the number
of traded assets needed to complete the market (and a complete market
is exactly equivalent to ). It is easy to see that if is a one-
dimensional vector space, then ; (because by assumption
1 ), which again implies . Alternatively, we can show this
by noting that ; implies that spans (the space of
random variables in with mean 0), which by definition means that
the market is complete. But now we can easily prove the converse, that

implies that is a one-dimensional vector space, because by
Theorem 2.3, if , then the market is complete, and therefore

; .
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EXAMPLE 2.6
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W , i , , d

d
d

Z
Z X Y X Y �

�

�

1

Consider a probability space ( ) with a -dimensional Brownian
motion ( ) and consider the filtration generated
by (as always, the completed filtration). Also assume that .
By the Brownian representation theorem, for any ( ) with
zero mean, there is a progressively measurable process ( )
with

[ ( ) ]

such that

( ) ( )

However, we can approximate any stochastic integral with respect to
by a stochastic integral with respect to a simple process

˜ ( )

where for each , is an increasing sequence of stopping times.
This shows that

: ; stopping time 1

is a total set in . So it is possible to make the market complete by
adding tradeable assets. On the other hand, it is obvious that the
market cannot be made complete by adding fewer than traded assets.
This confirms our result from Example 2.3.

In a Hilbert space setup as just described, we know that any
can be written as where and . Hence, dim( )
dim( ) dim( ). Unfortunately, both sides are often , so although we
clearly have a simple relationship between the dimension of the space of
martingale measures ( ) and the dimension of the space of simple
tradeable assets ( ), we can easily have a situation where the formula
above does not immediately tell how many traded assets are needed based
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on the dimension of the space of martingale measures. The issue is further
complicated by the fact that the space

( ) (0); stopping time

is in general infinite-dimensional, even when is a one-dimensional process.
This is indeed the case in Example 2.6. The next example, on the other
hand, is purely finite-dimensional.

(Cf. Example 2.1) Let and assume that is a prob-
ability measure on the -algebra of all subsets of such that

: ( ) 0. We want to consider a one-period market with zero
interest rate that is complete. Of course, to define martingales, we need
a filtration, and, as in Example 2.1, we consider

1
1

An adapted process is of the form

1
( )

( ) 1

where is any constant and is any function on . We note that

span ( ) (0); stopping time span (1) (0)

for any adapted process . So the space as defined in (2.11) is at most
-dimensional if there are traded assets. We know that the market

is complete if span 1 . Also dim( ( )) for 1. So we
must have

dim( ) dim( ( )) 1 1

for the market to be complete. We can easily find 1 linearly
independent adapted martingales to use as the set of traded instruments,
and we therefore see—as expected—that the market can be made
complete if we add 1 traded instruments to the money market
instrument; if there are fewer than 1 tradeable instruments (plus
the money market), the market is incomplete.
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2.6 Pricing in Incomplete Markets
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As we saw above, in many cases, the dimension of the space of equivalent
martingale measures is small enough to allow us to complete the market
by including more market instruments. In fact, for the Heston model for
instance, there are often many more liquidly traded market instruments
(call and put options) than are needed to make the Heston model complete.
However, it is also quite clear that many models cannot be completed. The
simplest cases are markets in which a key traded asset is allowed to jump
with infinitely many positive jumps. For instance, a more reasonable model
of a defaultable bond (Example 2.2) would probably be to make the bond
pay some amount different from 0 in the case of default. More precisely,
the bond still pays 1 if there is no default but pays an amount in the case
of default, where is a random variable whose value is known only at the
default time. If has a continuous distribution (or can take infinitely many
values), then we need infinitely many traded assets to make the market
complete.

Similarly, in an equity model it seems reasonable to allow occasional
jumps (with continuous jump size distribution) in the price of the key assets.

Even in the Black-Scholes world we could argue that in reality the
markets are incomplete, for the simple reason that hedging takes place in
discrete time and has a cost associated with it (transaction costs). So in real
trading situations, updates of the hedges are done whenever the market has
moved enough to make it necessary to change the hedge. Of course, other
strategies are allowed, but in any case, it is quite clear that the completeness
of the market is lost because of the discrete-time hedging. So it is obvious
that even if one does not use the most complicated and sophisticated models,
the problem of incompleteness needs to be addressed.

In a complete market, derivatives can be exactly replicated, and there
is no need for risk preferences in the pricing and hedging, because there is
no risk. In incomplete markets, on the other hand, risk preferences of the
individual investor become crucial. Furthermore, we can no longer ignore
the real-world measure. For instance, we could have a derivative with a
corresponding hedging strategy that in some cases leads to positive P/L
and in other cases to negative but bounded P/L. The probability of a loss
is then of great importance, but the relevant probability is the real-world
probability and not the risk-neutral one.

Assume that is a derivative paying out at time (i.e., is
-measurable), and let ( ) be a self-financing strategy. If we sell

the option for the amount and hedge it using the strategy ( ), our
profit or loss at maturity equals

( )
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If is our utility function, then we would want to maximize the expectation
[ ( )] (under real-world measure ). However, for most reasonable

utility functions, this expectation tends to infinity as , and it is in any
case obvious that we have to introduce some penalty on high values of ,
simply because is the price at which we want to sell the option and we can
clearly not sell the option at any price. Hence in general the pricing problem
becomes

( ) sup [ ( )] (2 12)

and

( ) inf ; ( ) (2 13)

So ( ) is the maximum expected utility we can achieve by selling the
option for and hedging it with a self-financing strategy up to maturity,
and ( ) is the minimum initial endowment with which we can achieve a
utility at least as great as .

For pricing there is an argument for using (0) as the minimum
expected utility we are willing to accept from selling the option. Indeed,
we can achieve utility (0) by selling the option, and if we can have a
larger expected utility than (0) from selling the option, we should clearly
do so if the concept of maximizing utility is to make any sense. Of course,
if the infimum in (2.13) cannot be attained, we can use any (0) but
not (0) itself.

As previously mentioned, in a complete and arbitrage-free market, there
is a unique ( ) such that 0 with probability 1, and trading the
derivative at any other price than would create an arbitrage. It is therefore
nonsensical to price options in complete and arbitrage-free markets using
utility functions. On the other hand, because we need utility functions in
incomplete markets, it would be desirable if a specific utility approach being
used in an incomplete market “converges” to the right price if the market is
completed.

Before we address this issue, we give a few examples of commonly used
utility functions. Generally, to reflect risk aversion and the very natural
sentiment that more wealth is always better, utility functions are concave
and increasing functions from into , but neither property is needed
(indeed, people playing the lottery or at casinos clearly have or

utility functions).

Exponential utility:

( ) 1 exp( ) 0
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Exponential utility with penalty:

0
( )

1 exp( ) 0

Polynomial utility (normally 0 1):

0( )
0

Logarithmic utility:

0
( )

log( ) 0

The three last utility functions attach an infinite penalty to a loss, effectively
reducing acceptable P/L’s to those for which there is zero probability of
a loss. By considering ( ) instead of ( ), we can introduce utility
functions that rule out losses of more than (this could be appropriate if a
loss greater than would lead to bankruptcy).

Another approach to pricing in incomplete markets is the
method, in which we determine the price such that the square of

the P/L is minimized:

Minimize [( ) ] over all self-financing ( ) (2 14)

To some extent this corresponds to the foregoing utility maximization,
with ( ) , but there is an important difference in that this function
attaches the same utility to profits and losses, so we can include the initial
endowment in the maximization and do not need to pick the smallest

that achieves some utility. Despite the obvious drawback of penalizing
profits, the variance-optimal method has received much attention in the
literature (cf. [109]), and in most practical situations variance-optimal
pricing (perhaps in combination with some other utility maximization) is a
sensible and much used way of hedging, if not pricing.

Finally, let us mention and hedging as described in
[47] and [48]. For quantile hedging, the aim is to minimize the probability
that there is going to be a loss. In other words, the aim is to minimize

[ ( ) ]. The strategy that minimizes [ ( ) ] maximizes

[ ( ) ] [1 ] [1 ]

So the utility function is simply ( ) 1 ( ), which is increasing but not
concave.
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More general forms of quantile and efficient hedging also take the size
of the actual loss into account. A special case of efficient hedging covered in
[48] is the minimization of [( ( )) ]. Because

[( ( )) ] [( ( ) ) ] [ ]

this corresponds to maximizing the utility function ( ) min 0 , which
is both increasing and concave.

Returning to the general framework, let us consider a simple setup in
which a stock has Black-Scholes dynamics, but the stock can be traded only
today and at maturity ,

( ) (0) exp ( ) ( )
2

Assume that we want to find a price at which we are willing to sell a call
option with strike on with maturity . So at time , we have to pay

max ( ) 0

If denotes our premium and is the amount of stock we buy today, then
our total P/L at maturity equals

( ) ( (0)) max ( ) 0

If we use either of the utility functions that attach to ( 0), we see
that

[ ( )]

for all (0). Also [ ( )] , and because is increasing with
any of these utility functions, our price of the call option is at least (0).
In reality we cannot expect anybody to be willing to pay (0) for this call,
because the customer could just as well buy the stock itself and receive a
higher payout on the stock than on the option. Even in a market where the
customer was for some reason barred from buying the stock at all, the cus-
tomer would want a product with a higher payout for the premium of (0).

In fact, for any utility function which sets an upper limit on the
acceptable loss (i.e., ), the optimal hedge involves having

1 and (0)

that is, a substantial premium and a massive “overhedge” to avoid the
possibility of a great loss due to excessive upward moves in the stock.
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This certainly seems extremely risk-averse for a seller of options, and utility
functions of this form are probably very rare for derivative traders.

A utility function as the exponential utility is more reasonable, because
it allows for some real risk. Delbaen et al. [31] treated the exponential utility
in great detail and showed that ( ) in Equation (2.12) can be calculated as

1 exp inf ( ) [ ]

where

( ) log

is the entropy of with respect to , and the infimum is over all probability
measures such that ( ) . For details and examples, we refer
to [31] and the references therein.

Let us now briefly revisit the question of when pricing of options in the
utility function framework produces the same price in a complete market
as the correct no-arbitrage price. In fact, the answer to this problem is
extremely simple if the utility pricing is done in the martingale measure.

Assume that a market consisting of ( ) with filtration
has a unique martingale measure, , and that and the interest rate
process are independent. Let be -measurable with .
As above, define for any self-financing strategy ( ), the profit
of hedging by ( ). Let : be a strictly increasing and
concave function and define

inf ; ( ) (0)

where

( ) sup [ ( )]

is defined as in (2.12) only under the martingale measure.
Then

exp ( )

In other words, agrees with the usual no-arbitrage price of .
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If we define

ˆ exp ( ) exp ( )[ ]

then we know that we can achieve 0 for some self-financing
ˆ ˆˆstrategy ( ), because the market is complete according to Theorem

2.3. So we have

ˆ( ) (0) (2 15)

Now for any self-financing strategy ( ),

exp ( ) ( )

so

[ ] [ ( ) ] 0

ˆfor any self-financing strategy ( ) with . Now, because the
utility is concave and increasing,

ˆ[ ( )] [ ] (0)

ˆby Jensen’s inequality. So ( ) (0) if , and therefore .
ˆCombining this with Equation (2.15), we conclude that .

As mentioned previously, the right measure in incomplete markets when
maximizing utility is the real-world measure, not the martingale measure.
In incomplete markets, in fact, if there is one martingale measure, there are
several, so we simply cannot consider martingale measure in incomplete
markets. We could therefore ask what the real impact of Theorem 2.4 is.
Even if we let incomplete markets converge to a complete market (in some
sense), there is no reason to expect the real-world measures to converge to
the martingale measure. If our tradeable assets deflated are not martingales
under the real measure, it is unreasonable to expect them to be martingales
in the complete-market limit. In other words, utility pricing will not in
general agree with no-arbitrage pricing.
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As we saw in Equation (2.14), for variance-optimal pricing and hedging,
we minimize the variance of the P/L. Of course, in Equation (2.14) we are
actually minimizing the square of the P/L, but it is obvious that for any

˜˜self-financing strategy ( ), the strategy ( ) where

˜ [ ( ) ]

satisfies

˜ ( ) ( ) [ ( ) ]

and therefore

[( ) ] [( [ ( ) ]) ] [( [ ]) ]

[( ) ] ( [ ]) [( ) ] (2 16)

So the minimization in Equation (2.14) automatically ensures that [ ]
0, and we are therefore minimizing the variance of the P/L. It might seem
nonsensical to penalize profits as well as losses when pricing an option.
However, as we saw, we need to penalize profits in order to avoid
the price of the option going to infinity. For the usual utility function
approach, we are in effect doing this by minimizing overprices that achieve
a certain minimum expected utility.

Regarding the equivalence of the variance-optimal approach and the
usual no-arbitrage pricing in complete markets, the situation is much better
than for general utility functions. In fact, variance-optimal pricing always
agrees with the no-arbitrage price in complete markets.

In practice, as we have mentioned before, real markets are incomplete
simply because hedging is done discretely in time and the day-to-day hedging
is done in such a way that the variance of the P/L is minimal. In fact, in many
cases the price of an option is calculated as the sum of a spread that the
trader feels is appropriate for the specific type of deal (this spread obviously
depends on the riskiness of the deal) and the usual “Black-Scholes” price
calculated as if the market were complete without transaction costs and
with continuous trading. The spread can then be considered as a kind of
reserve, and the hedging is done in a way that approximately minimizes the
variance of the remaining P/L between rehedges (namely, the portfolio is
kept delta-, and, if possible, gamma- and vega-, neutral).

The variance-optimal pricing approach has received much attention
in the literature. The key result is that the price of any option equals
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THEOREM 2.5
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dQ dQ
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L

dQ dQ dQ
d d d

L

x, V, X L

the expected value of the discounted payout under the so-called variance-
optimal measure, which is a signed martingale measure.

A signed martingale measure is a signed measure with ( ) 1,
,

( )

and

( ) ( )

A variance-optimal martingale measure is any signed martingale
measure that minimizes

1

over all signed martingale measures.

Note that the variance-optimal martingale measure in general depends on
the original measure . This is very easy to see if we note that itself
will always be the variance-optimal martingale measure provided it is a
martingale measure. Of course, this result confirms that in a complete
market there can be only one equivalent (positive) martingale measure.
Furthermore, it is worth pointing out that although the actual variance-
optimal measure depends on the original measure, it does not follow that
all variance-optimal prices will differ depending on the original measure.
Specifically, any contingent claim that can be replicated will be priced
exactly the same with variance-optimal pricing no matter what the original
measure is.

In [109], it is shown that

Assume that the minimum in Equation (2.14) is attained by the self-
ˆ ˆˆfinancing strategy ( ) and that there is a signed martingale
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EXAMPLE 2.8

x Z

signed

K
W W , , W

K

dS t b S t dt S t dW t .

b
K K

S , , S
n K

, ,

S , , S

, , ,

1

measure. Then there is a variance-optimal martingale measure, and for
ˆany variance-optimal martingale measure ,

ˆˆ [ ]

In [109], it is shown that the variance-optimal measure is in general a
measure, but, of course, in many cases it will in fact be a real probability
measure. Theorem 2.5 and the discussion preceding it also illustrate how
important the measure under which we do the minimization is to the
variance-optimal pricing in incomplete markets. On the other hand, we
have better convergence properties for variance-optimal pricing than for the
utility function approach, as the following example illustrates:

Consider the simple diffusion setup as in Example 2.3 with a -
dimensional Brownian motion ( ) under the real-
world measure . Assume that the interest rate is 0 and define the
processes

( ) ( ) ( ) ( ) (2 17)

where for simplicity we assume that the are constants and is a
regular matrix.

We can now consider a sequence of markets where has
as the only traded instruments. Clearly is complete and

is incomplete for . If we define as the smallest -algebra
that includes , then it is clear that in the market
we can replicate every claim that is -measurable. Note that with
the processes as defined in Equation (2.17), these claims are exactly
the claims that can be represented as (measurable) functions of the
prices of . For every such claim, the variance-optimal price
is therefore equal to the risk-neutral price. So as we consider the
increasing sequence of markets

increasing subsets of the set of all contingent claims will have the same
value if we price using variance-optimal pricing as if we price risk
neutrally in the complete market .
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In this last section on incomplete markets we mention super hedging and
the interesting relation to the results obtained in [47] and [48] on quantile
and efficient hedging.

Super hedging and pricing consists of finding a minimum price such
that there is an admissible trading strategy ( ) with ( ) 0
with probability 1. It is quite obvious that super hedging and pricing can be
described in terms of the utility function

if 0( )
1 if 0

So, as described in Section 2.6, the price will often be much higher than
any buyer of the option would be willing to pay. Nevertheless, the results
that can be obtained for super hedging turn out to be very useful in other
contexts such as quantile hedging. For details on super hedging see [43] and
[67]. A main result is that if we define

¯ ˆ( ) ess sup [ ] [0 ]

where the supremum is taken over all equivalent martingale measures, then
¯ ¯is the smallest process that satisfies ( ) and is a supermartingale
in the equivalent martingale measures. Furthermore, there is a unique
decomposition

¯ ¯( ) (0) ( ) ( ) ( ) (2 18)

¯ ¯where ( (0) ) is an admissible trading strategy and is increasing
and measurable with respect to the optional -algebra (for details on the
decomposition see [46] or [74]). Regarding the optional -algebra and
optional processes, which are concepts from the general theory of stochastic
processes, we mention only that optional processes have certain measura-
bility properties that are stronger than those of progressively measurable
processes but weaker than those of predictable processes. In other words, an
optional process is progressively measurable but not necessarily predictable.
For further details, see the description of predictable processes in Chapter 1
and the references therein.

¯ ( ) is the super hedging price of the derivative at time , and then
describes the total amount of money that can be taken out of the hedge
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THEOREM 2.6

t , t

C T V T Z

x V

Z x

V t Z , t , T

V t V X s dS s C t

V
x , V C, X

V T
Z

x, V, X x x

V T
Z

V T
R

Z

portfolio at time due to the performance during [0 ]. At maturity, the
total P/L is

¯( ) ( )

(which is by construction nonnegative).
As in [47], we define a randomized test as a random variable that

¯satisfies 0 1 and is -measurable. Consider a price (0).
Then it is shown in [47] that

There exists a randomized test ˜ such that

[ ˜ ] sup [ ]

where the supremum is over all randomized tests such that

ˆ [ ]

ˆfor all equivalent martingale measures . Denote

˜ ˆ( ) ess sup [ ˜ ] [0 ]

where the supremum is over all equivalent martingale measures, and let

˜˜ ˜ ˜( ) (0) ( ) ( ) ( )

˜be the optional decomposition of as defined in Equation (2.18). Then
˜ ˜the admissible trading strategy ( ) maximizes

( )
1 1

over all admissible trading strategies ( ) with . Furthermore,

˜ ( )
1 1 [ ˜ ]

The expected success ratio

( )
1 1
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continued

for a given trading strategy ( ) is always going to be a number greater
than the success probability [ ( ) ] and less than or equal to 1. So
the success ratio does not provide us with the actual success probability, but
it is clear that it provides us with certain upper and lower bounds for the
success probability.

Now consider the problem of finding the minimum price at which we
can find an admissible trading strategy that achieves a certain success ratio.
In other words, for a given 0, we want to determine

( )
inf ; 1 1 1 (2 19)

where the infimum is over all admissible trading strategies ( ). As
before, and again following [47], it is easy to see that this problem reduces
to finding a randomized test ˜ such that

ˆ ˆinf sup [ ] sup [ ˜ ]

where the supremum is over all equivalent martingale measures and the
infimum is over all randomized tests with

[ ] 1

We end this section by an example of quantile hedging in a specific
setup (for more details, we refer to [90]):

We consider an option maturing at time , and we assume that the
initial capital available for hedging is . The underlying asset solves

( ) ( )( ( ) ( ))

where is a Brownian motion under the original probability measure
, is constant, and

0
( )

Here is known, is a constant, and is a random variable with
known distribution , which is assumed independent of .

( )
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continued

0

0

0 0

0 0

We let ( ) denote the maximal probability of having ( )
conditional on , ( ) , and ( ) , and we define

( ) ( ) ( )

It is now clear that to maximize the probability of success, we need to
maximize

[ ( ( ) )]

over all -measurable random variables that satisfy

ˆ [ ]

ˆwhere is expectation under the risk-neutral measure.
˜ ˜If the optimal random variable exists, we must simply hedge

in the Black-Scholes world up to time , and after that it is easy to
˜determine the best hedge of given ( ) , and ( )( ).

As in [90], we consider an option with payoff

1

and we assume that the volatility is uniformly distributed on
[ ]. In other words,

1
( ) 1

2

˜In this case, the optimal can be expressed as

˜ ˜ ( ( ))

˜and the function can be determined numerically as shown in Figure
2.4 for different levels of uncertainty.

The actual parameters are 20%, 5%, 1, 6
months, interest rate 3%, and 10% (0). The available
initial value used for the calculations is the Black-Scholes value of
the option when the volatility stays at 20% throughout the deal.

˜Hence, as 0, the model converges to Black-Scholes, and for
0 is simply the Black-Scholes value of the option at time .

( )
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Lastly, we choose 0 and consider hedging by hedging ( ( ))
up to , where is of the form

( ) 1

We can then compare the success probabilities for different initial
values of initial capital and for different numbers of available
options for hedging. For 10% (0), the results are shown in
Figure 2.5.
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Bond/Stock

FinancialModeling
´withLevyProcesses

I n the preceding chapter, we examined a situation in which the market
was incomplete and not all contingent claims could be duplicated by

a riskless portfolio. As mentioned there, this situation arises in particular
in the context of the market as defined in Shiryaev [112],
when the risky asset may have jumps of a stochastic size at random
times. In this chapter, we study in more detail one such situation, that

´arises when the price process is modeled as the exponential of a Levy
process. Indeed, except in the case of the Brownian motion with drift, a

´Levy process has random jumps at random times. However, we stress that
the presence of jumps does not systematically yield an incomplete market
(see [34], [65]).

In this chapter, we will not apply the techniques mentioned in the
previous chapter to deal with incomplete markets, but we will adopt a more
practical approach. In fact, in practice, the market in the world of equities
does not only consist of a riskless bond and a risky stock, but some options
also have enough liquidity to have negligible transaction costs and to be used
in hedging strategies. This observation, among others, has given rise in the

´last years to a growing interest in Levy processes and their use for financial
modeling applications. In [79], Leblanc and Yor give a theoretical argument

´in favor of considering Levy processes instead of the usual diffusions. Many
´empirical studies have been done on the relevance of some types of Levy

processes and their performance as a modeling tool: see [98], [101]; on the
other hand, much progress has been made in the understanding of these
processes and the financial interpretation attached to them. In particular,
we shall see that they provide an ad hoc framework to define a stochastic
clock, linked to the actual realization of transactions. We will mainly be
concerned with the pricing of derivative products in the context of models

´involving Levy processes and we will not study hedging strategies, but we
will take the approach of risk-neutral valuation.
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X
X

X Levy process´

t s X X t s
X , u s

X
n

X X X X X X

X n
X X

´We first introduce Levy processes and their main properties, the setting
being the one introduced in Chapter 1, before showing how to use them in
practical modeling issues. In particular, we study a model involving both

´the jump features of Levy processes and stochastic volatility.

´The goal of this section is to gather the most important facts about Levy
processes, with short proofs or no proof at all. We will limit ourselves to
those properties that are relevant to the main concern of this book: modeling

´equity derivatives. We will study changes of measure that preserve the Levy
´property of the paths, and will give two very important examples of Levy

processes.
The interested reader is referred to the masterful books of Bertoin [7]

or Sato [108] for more details and information.
Here and in the remainder of this chapter, we assume the settings of

Chapter 1. All properties of are implicitly understood with respect to the
filtration generated by , denoted by .

One property of Brownian motion is that its increments are independent and
´time-homogeneous. Levy processes retain this property from the Brownian

motion, but in general do not have necessarily continuous paths.

A process taking values in is called a if:

It has almost surely right-continuous paths.
Its increments are independent and time-homogeneous, i.e., for all

, the distribution of depends only on and is
independent of ( ).

´In all this chapter, will be a Levy process, started at 0, unless otherwise
specified. Since we have for all 1

( ) ( )

we see that can be expressed as the sum of independent random
variables with common law (the law of ), that is, the law of is
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THEOREM 3.1

THEOREM 3.2

X

X

e e , u .

u i a, u Q u e i u, x dx .

a Q
x dx

a drift X Q
diffusion coefficient Levy measure´

X
X

X

e e , t .

characteristic exponent X

a Q
x dx

u i a, u Q u e i u, x dx

X

e e

1

1

infinitely divisible. From this it follows that the characteristic function of
´has a Levy-Khintchine representation:

The characteristic function of can be written

[ ] (3 1)

´where has the following Levy-Khintchine representation

1
( ) ( ) ( 1 1 ) ( ) (3 2)

2

where is a constant vector in , is a nonnegative quadratic form,
and is a Radon measure on 0 , such that ( 1) ( ) .

This theorem is a well-known result, the proof of which can be found in
´[45] or [80], for example. is called the of the Levy process , is

the and is the .
It is easy to prove, based on the infinite divisibility of the law of and

the independence of the increments of , that the characteristic function of
is given by

[ ] 0 (3 3)

is called the of the process . The following
´theorem establishes a one-to-one correspondence between Levy processes

and characteristic functions having a representation as in (3.2).

Let be a constant in , a non-negative quadratic form, and a
Radon measure on 0 such that ( 1) ( ) . Let

1
( ) ( ) ( 1 1 ) ( )

2

´There exists a Levy process such that

[ ]
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PROOF

�

X at RW W d
RR Q R R

e e

u i a, u Q u

X Y N
dx Y

N

dx

X
e

u e dx

Z
dx dx

Z

X Z t x dx

X e

u e i u, x dx

X L
X x

(1) (1)

(2)

( 3)

We provide a complete proof of this theorem, mostly following [7], since
´this gives some insight on a possible approximation of a Levy process, a

consideration of importance in practice.

´The proof consists of actually constructing an appropriate Levy process.
Let where is a standard -dimensional Brownian
motion and ( denotes the transpose of ). The character-
istic function of this process is well-known to be [ ] ,
where

( ) ( )

Consider the process where is a Poisson process
with intensity : ( ) and is a sequence of random variables
pairwise independent, independent of , and with common distribution

1 ( )

is then a compound Poisson process as defined in Example 3.2, and
has characteristic function , where

( ) ( 1)1 ( )

For 0, denote by the compound Poisson process with
intensity ( ) and distribution 1 ( ) . In order
to be able to get a limit process as 0, we need to compensate ;
hence, we define the martingale

1 ( )

On the other hand, has characteristic function , with

( ) ( 1 )1 ( )

It can be shown, using Doob’s maximal inequality for martin-
gales (see [27], [100], [103]), that converges in to a process

as 0. Because integrates in a neighborhood of 0 and
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EXAMPLE 3.1 (BROWNIAN MOTION-POISSON PROCESS)

e iux u x x u

u e i u, x dx

X e
X X X

X X X X

X
X X X X X , X , X

b uib u
b

V , n

T V V
N N T t

N
e

u e e dx

(3)

1 2 for near 0, we deduce that ( ) converges
pointwise as 0 to a function

( ) ( 1 )1 ( )

It follows that has the characteristic exponent . Now
´each of the processes , , is a Levy process, and they are

´independent of one another. Hence is a Levy
´process as well, whose Levy exponent is given by .

´At this point, we can already explain why a Levy process is suitable for
financial modeling. In fact, the independence of the increments yields the
strong Markov property (see [7]), while the proof of Theorem 3.2 shows

´that is a semimartingale. In fact any Levy process can be represented as
as above, with each of a semimartingale.

In the next example, we identify the characteristics of Brownian motion
and Poisson process, already studied in Chapter 1 from the viewpoint of
stochastic calculus.

´The Brownian motion with drift is a continuous Levy process. It is
well known that the characteristic exponent of the Brownian motion
with variance parameter and drift is given by 2. In
that case, the characteristic exponent has drift , diffusion parameter

´, and zero Levy measure. From Theorems 3.1 and 3.2, we see that
´the only Levy process with continuous paths is (up to a multiplicative

constant) a Brownian motion with drift.
Let us now turn to the Poisson process; we give here another

definition (equivalent to the definition in Chapter 1). Let ( 1) a
sequence of independent random variables with a common exponential
distribution of parameter . Let . The process

1 (with the convention that 0 if ) is called
a Poisson process with intensity . The characteristic function of is

, so the characteristic exponent is given by

( ) (1 ) ( )

The Poisson process has zero drift and diffusion coefficient, and its
´Levy measure is .
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EXAMPLE 3.2 (COMPOUND POISSON PROCESS)

PROPOSITION 3.1 (COMPENSATION FORMULA)

X
X

N Y

N

P Y

P N

P
u u e dx

Y

u e dx

dx dx

X f
f

f , s, X ds dx f , s, x .

The next example generalizes Poisson processes: The jump times are the
same, but the jump sizes are allowed to be random. The processes and

in the proof of Theorem 3.2 are of this type.

Let be a Poisson process with intensity and a sequence of
independent variables that have the same distribution on , which
furthermore are independent of . The time-changed random walk

(where, by convention, 0 if 0) is called a compound Poisson
process with intensity and distribution .

The characteristic function of is easily computed as
exp[ (1 ( ))], where ( ) ( ) is the characteris-
tic function of the . Hence the characteristic exponent is

( ) (1 ) ( )

so the compound Poisson process has zero drift and diffusion coeffi-
´cient, and its Levy measure is ( ) ( ).

Compound Poisson processes are of great importance, since it follows from
´the proof of Theorem 3.2 that any Levy process can be approximated by

such a process; see also [108]. This fact will be used in the discussion of
´simulation of a Levy process.

We now proceed to give two formulas that are very useful in the
applications. They allow us to compute the expectation of some functionals

´of a Levy process. For more details, see [7] or [103].

´ ´Let be a -valued Levy process with Levy measure , and a
predictable function, i.e., : is -measurable.
Then

( )1 ( ) ( ) (3 4)

�
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PROPOSITION 3.2 (EXPONENTIAL FORMULA)

f

ds dx f s, x

f

f , s, x g , s h x

g

g , s H

H h

h x a

f

X t
f s, x ds e dx

f s, X ds e dx .

1

In the special case where is deterministic, the right-hand side of (3.4) is
simply

( ) ( )

and this gives a means of computing the expectation on the left-hand side.

Equation (3.4) is easily obtained for functions of the form

( ) ( ) ( )

where is a simple predictable process

( ) ( )1

where is -measurable, and is a simple Borel function

( ) 1

A standard monotone class argument (see [27] or [103]) yields the result
for general .

As a corollary of the compensation formula above, we obtain

´ ´Let be a Levy process with Levy measure . For all and all complex-
valued Borel functions ( ) such that 1 ( ) , we
have

exp ( )1 exp (1 ) ( ) (3 5)
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THEOREM 3.3

f
f

X

u e
t M e

M

M

Esscher transform
X

X a
Q RR e

X a
Q

a a Ru x e dx .

Q Q .

dx e dx .

1

Beware that, contrary to the compensation formula, the function in (3.5)
above cannot be replaced by a predictable function (i.e., cannot depend
explicitly on ).

Recall from Chapter 2 that if we model the asset price under the historical
measure, we need to go to an equivalent martingale measure in order to

´compute the price of derivatives as expectations. Because Levy processes
have jumps, the market that contains bonds and one stock, modeled as the

´exponential of a Levy process, is in general incomplete, and there may be
several equivalent martingale measures (see Chapter 2).

Denote by the historical probability. We give here two examples of
a change of measure that allow us to define a probability , equivalent to

´, such that is still a Levy process under . This is quite an important
fact, since going to an equivalent martingale measure should change the
distribution of the asset price (reflecting the market risk-aversion), but not

´the intrinsic structure of the dynamics which in the case of Levy processes
consists of the independence of the increments.

Let and assume that [ ] for some
(and then for all) . The process is then a strictly positive,
uniformly integrable martingale such that [ ] 1. Hence, as in Chapter
1, we can define a new probability measure by the formula

is called the of . The following result shows the
effect of changing the measure from to on the properties of .

´Let be a Levy process under , with drift , diffusion coefficient
´, and Levy measure . Suppose [ ] and define

´as above. Then under , is a Levy process, with drift , diffusion
´coefficient , and Levy measure given by

( 1) ( ) (3 6a)

(3 6b)

( ) ( ) (3 6c)
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X

v v iu iu .

e M e

e e

e

e

v i a , v Q v e i v, x dx

X

X

Moreover, the characteristic exponent of under is given by

( ) ( ) ( ) (3 7)

Let us first prove (3.7). We have

´and (3.7) follows. Using this and writing in its Levy-Khintchine form
(3.2) yields (see [108] or [112] for details)

1
( ) ( ) ( 1 1 ) ( )

2

´which is the Levy-Khintchine formula for .

Esscher transforms have been introduced in finance in [21], and their
´use in the context of Levy processes is hinted at in [10]; such transforms can

´be applied to processes more general than Levy processes (see [66]): The
change in the characteristics of given by the Theorem 3.3 is a particular
example of a change of local characteristics of a semimartingale under an
absolutely continuous change of measure (see [63]).

In the situation of incomplete markets, various criteria exist to
select the pricing measure among the equivalent martingale measures. The
choice of an Esscher transform described above is more like a structural

´choice, since the structure of the paths of the Levy process is not very
much changed under the change of measure. Other criteria, such as those
described in Chapter 2, make reference to the historical measure and the
strategy used to choose an equivalent martingale measure to minimize some
distance to the original measure. The entropy is one such distance. Recall
from Chapter 2 the
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DEFINITION 3.2

THEOREM 3.4

d
H d .

d

e S
e S

H H

minimal entropy martingale measure MEMM S

x dx

a e e dx .

W t .

e ds, dx ds e dx

S X

�

�

�

Let and be two probability measures with . The relative
entropy of with respect to is defined as

( ) log (3 8)

Any probability measure that satisfies

is a -martingale.
For any measure under which is a martingale,

( ) ( ).

is called a ( ) for .

In his paper [87], Miyahara has obtained a sufficient condition for the
MEMM to exist. We cite his result here:

Assume that

( )

and that there exists a constant such that

1
( 1) exp( ( 1)) ( ) 0 (3 9)

2

Then the formula

exp (3 10)
2

( 1) ( ) (exp( ( 1)) 1) ( )

defines a probability measure which is a MEMM of . Moreover
´remains a Levy process under , under which its characteristic exponent
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u ia u u e iux dx

a a .

.

dx e dx .

subordinator

Laplace

e e ,

a e dx

�
� � �

�

�

�

is

( ) ( 1 1 ) ( )
2

where

(3 11)

(3 12)

( ) exp( ( 1)) ( ) (3 13)

This result is another example of a change of local characteristics of a
semimartingale under a change of measure, as developed in [63].

The use of Theorems 3.3 and 3.4 will become clear in Section 3.2. In
particular, the Esscher transform will prove to be a useful tool to derive the
price of European options.

Notice that similar to the case of diffusion processes, the diffusion
coefficient is not changed by either of the transformations above.

´We introduce in this section the notion of a subordinated Levy process,
which is the core of a number of the models we study later. We first need to

´introduce some special kinds of Levy processes.

´A real-valued Levy process is called a if it has almost surely
nondecreasing paths.

Clearly, a subordinator cannot have a Brownian component, for oth-
erwise it could not have monotone paths. Instead of the characteristic
exponent of a subordinator, one often uses the exponent ,
defined by

[ ] 0

´The Levy-Khintchine formula holds for the Laplace exponent under the
form

( ) (1 ) ( )
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EXAMPLE 3.3 (GAMMA PROCESS)

	

a
,

Gamma process
t h t

h

dx
e x , x

h

X

e dx
iu

u iu

e
u e dx

x

dx

´where is again called the drift and is the Levy measure. Obvi-
´ously the support of the Levy measure must be contained in (0 ) in

order that the process have only positive jumps. Subordinators have
many interesting properties, described in, for example, [7] and [8], al-
though we will use them in this book only as appropriate time-change
functions.

The Poisson process is an obvious example of a subordinator. The
following example is less trivial and will be used in the Variance-Gamma
(VG) model (see Section 3.3).

´The is defined to be the Levy process whose
increments ( ) ( ) have the Gamma distribution with para-
meter :

0
( )

The characteristic function of can be computed as

1
1

which shows that the characteristic exponent of is

( ) ln(1 )

´By the Frullani integral, the Levy-Khintchine representation of is

( ) (1 )

´so the Gamma process is a pure jump process with no drift, and Levy
´measure . Unlike the Poisson process, its Levy measure is not

bounded and hence its paths are not of finite variation; the small jumps
of the Gamma process have an infinite rate of arrival.

The following subordinators will play a central role in Section 3.3 where we
describe the Normal Inverse Gaussian (NIG) and Carr-Geman-Madan-Yor
(CGMY) models, which involve time-changed Brownian motions.
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EXAMPLE 3.4 (HITTING TIMES OF BROWNIAN MOTION)

�

W T t, W x
x

T

e e

dy
e

y

T

e dx

dx

dx
dx , x

x

T W

W
T t, W x

e e

T T

T x , x

C

( ) 2

Let be a standard Brownian motion, and set inf
for 0. A standard martingale argument (see next section) shows
that the Laplace transform of is given by

[ ]

From the equality

1 1

2 2 (1 2)

´we obtain the Levy-Khintchine decomposition for in the form

2 (1 ) ( )

´where the Levy measure ( ) is given by

1
( ) 0

2 (1 2)

´That ( ) is a Levy process follows from the Markov property of .
Since its paths are increasing, it is a subordinator with no drift and

´Levy measure .
By making use of the Girsanov theorem, we see that if is a

Brownian motion with drift , then inf is again a
subordinator, the Laplace transform of which is given by

[ ]

On the other hand, the law of is equal to the law of under the
Esscher transform of defined by the density process

exp 0
2

It is remarkable that the Laplace exponent takes the form in the ex-
ample above. This example can be generalized by allowing values other than
1 2 in the expression of the Laplace exponent; the resulting subordinators
are described in the following example.
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EXAMPLE 3.5 (STABLE SUBORDINATORS)

DEFINITION 3.4

THEOREM 3.5

,

C .

C

e x dx

C dx
dx

x

Z Y
X

X Y

subordinated Levy process´

Z Y

u i a , u Q u e i u, x dx

Given (0 1), there exists a subordinator whose Laplace exponent
can be written

( ) (3 14)

where is a positive constant. From the formula

(1 )
(1 )

´valid for 0 1, we deduce that the corresponding Levy measure
is given by

( )
(1 )

´We now turn to the definition of a subordinated Levy process, a notion
that goes back to Bochner [14].

´Let be a subordinator and an independent Levy process. The process
defined by

is called a .

´ ´A subordinated Levy process is then a Levy process, evaluated not in calendar
time, but according to a random clock specified by the subordinator.

´ ´Although a subordinated Levy process could be studied directly as a Levy
process, it may be simpler to regard it as a time-changed process, especially
if the two processes involved are well known. The correspondence is given
by the following:

´Let be a subordinator with drift and Levy measure and an
´independent Levy process with characteristic exponent

1
( ) ( ) ( 1 1 ) ( )

2

64

x

t Z

Y Y Y i u,x Y
x
 � 
 �

�

�

�
	 	 	

�

�

� � �

�

	
( 	

< <

( 	

	 	 	

�

' � �

�
�

�

�

�
#

�

� �

% #

´FINANCIAL MODELING WITH LEVY PROCESSES

t

1

0

1

1



�

�

� � �

�

�

´3.1 A Primer on Levy Processes


 �
� �

� �


 � 
 �

=

� �

� �

�

� �

� �

�

=

�

PROOF

EXAMPLE 3.6 (COMPOUND POISSON PROCESS)

X Y X

u i a, u Q u e i u, x dx

a a ds x Y dx .

Q Q .

dx dx ds Y dx .

e e e

Z
X

S Y

Y
P S S

N
dx

continued

´Set . Then is a Levy process, whose characteristic exponent is
given by

1
( ) ( ) ( 1 1 ) ( )

2

where

( ) (3 15)

(3 16)

( ) ( ) ( ) (3 17)

Write first

´ ´By writing the Levy-Khintchine formula for and for , the Levy-
Khintchine formula for appears, and its characteristics can be read
directly. See [108, Theorems 33.1 and 33.2] for details.

The compound Poisson process studied in Example 3.2 is a simple case
´of a subordinated Levy process. Retaining the notation in Example 3.2,

the random walk

has independent and stationary increments . The compound Poisson
process can be seen as a subordinated process, where plays
the role of the subordinated process, and is the subordinator without

´drift and Levy measure ( ).
( )
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EXAMPLE 3.6 (COMPOUND POISSON PROCESS) ( )
P

a ds x S dx x S dx Y

dx dx S dx S dx

X

,
X

e e , u

u iu

e
T x t X x x T x

X X
X x

t T x

e � ( )

´Applying the results of Theorem 3.5, we obtain that is a Levy process
with no gaussian component, drift equal to

( ) [ ] [ ] 1[ ]

´and Levy measure

( ) ( ) [ ] [ ]

So we recover the results of Example 3.2, where the drift was incorpo-
rated into the integral. The compound Poisson process lies at the heart
of the Merton model studied in Section 3.3.

´Subordinated Levy processes form a wide class of processes that are
admissible candidates for modeling the price process of an asset. We will
study a couple of models where the stock price process is a subordinated
Brownian motion—see Section 3.3.

´Other kinds of Levy processes which are very interesting are those whose
´jumps are all negative. The Levy process and related quantities then have

quite simple properties.
´Because the Levy measure has support contained in ( 0), we can

define the Laplace exponent of by the formula

[ ] 0

´The Laplace exponent is related to the Levy exponent by ( ) ( ).
It is possible to perform Esscher transforms as described earlier. The
martingale property of also yields a simple determination of the
law of first hitting times. Let ( ) inf : for 0; ( ) is a
stopping time in the natural filtration of . Since has no positive jumps,
it holds that almost surely. Doob’s optional sampling theorem
applied at the finite stopping time ( ) yields

[ ] 1
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EXAMPLE 3.8

t

e

u u

T x

e e , u .

b

P Y bt

N Y
, P

u

e t e but

u bu e bu e dy
Y a

dy ae dy

v ab v ab abvu
u bu , v

a u b

T x

ab ab
b

N N
T x n N n

continued

1

1

and letting tend to , we obtain

[ 1 ] 1

One can prove that is a nonpositive, one-to-one function of , for
greater than a value (0) 0; denoting by its inverse, we get the Laplace
transform of ( ):

[ 1 ] 0 (3 18)

Consider a compound Poisson process with drift 0

where the Poisson process has intensity and the are i.i.d. with
common distribution carried by ( 0). Hence all the jumps of
are negative. For 0, we have easily from the exponential formula:

[ ] exp (1 [ ])

so that ( ) (1 [ ]) (1 ) ( ). Suppose
that has an exponential distribution with parameter 0, so that

( ) 1 , then

( ) 4
( ) ( )

2

According to (3.18), [ ( ) ] 0 if and only if

(0) 0
2

The following counterexample shows that the preceding analysis does not
hold if the jumps are positive.

Let be a Poisson process with intensity . All the jumps of are of
size 1, and ( ) coincides with the time of the -th jump of ,

( )
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EXAMPLE 3.8 ( )
x
n,

e

e , x n , n

e

T x
X S X

X

S x e S x dt

e T x t dt

e e

T x X

X x

being the smallest integer strictly greater than . It is well known that
has a Gamma distribution with parameters ( )

[ ]

Hence,

[ ] [ 1 )

whereas an—unjustified!—application of the above results would give

[ ] 1

As a consequence of the above result for the first hitting times process
´( ), we can easily obtain the distribution of the supremum of a Levy

process , taken at particular random times. Let sup , and
be a variable independent of , having an exponential distribution with
parameter . Then

[ ] [ ]

[ ( ) ]

[ ]

The law of ( ) is much more difficult to determine in the case when
may have positive jumps because in most situations a fixed level is crossed
by a jump, and ; however, some results are given in [102] in the
special case of stable processes, and more recently in [73] for some particular
jump diffusion processes.

´After introducing Levy processes, we describe a general class of models
´involving Levy processes. We carry out the classical program of arbitrage

valuation, for which all the necessary technical tools have been introduced
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in the previous section. Specific examples will be treated more precisely in
the next section.

´We model the price process of a security as the exponential of a Levy
process:

´where is a Levy process started at 0 under . In this setting we explain
how to value derivative products by following the steps given in Chapter
2. We neglect the financial risk related to interest rates, assuming the latter
only have an impact on the time value at a constant rate. Precisely, we
suppose that interests are compounded continuously at a constant rate .

The flow of information is supposed to be ( ), the natural filtration of
, which coincides with the natural filtration of the price process . We—as

usual—assume absence of arbitrage in the market (see Chapter 2, and [60],
[32]). Recall the steps needed to define an admissible pricing rule:

ˆChoose an equivalent martingale measure for , .
The price of a contingent claim paying out at time , modeled
as an -measurable random variable , is defined as the expected

ˆ ˆvalue under of its actualized payoff: .

The first step in the valuation of an option is the choice of the pricing rule,
that is, the choice of an equivalent martingale measure. In the Black-Scholes
model, or more generally in complete models, there is only one equivalent,
risk-neutral measure and one does not have a choice to make. In incomplete
markets, we have a wide family of equivalent risk-neutral measures to
choose from; see Chapter 2.

In case the hypotheses in Theorem 3.3 are fulfilled, we can use Esscher
transforms to define an equivalent probability measure under which

´remains a Levy process. In order for the Esscher transform to be a
martingale measure, it is required that be a martingale
under . Let [ ] under the original measure ; then the process

is a -martingale. The Laplace exponent of under the measure
is given by

( ) ( ) ( )
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and is a -martingale for all . Hence it is a necessary condition
that (1) for to be a martingale measure. Therefore, there exists,
at most, one possible pricing rule defined as an Esscher transform.

If one does not wish to make the structural assumption that leads to
choosing the pricing rule as an Esscher transform of the original measure,
another possible choice is the minimization of the relative entropy. In order
to do so, it is sufficient that the related results of Section 3.1 be applicable.

´remains a Levy process under the new measure, but the behavior of its
jumps is drastically changed.

In practice, the original measure is irrelevant for option pricing, as is
the way the pricing measure has been deduced from it—see Chapter 2. In

´fact, all one is interested in is the structure of the Levy process under the
pricing measure and the modeling assumptions are usually about this point.
The model parameters are calibrated to fit observed option prices, under the
restriction that be a martingale. Often, as above, the change of measure
is defined by one or several parameters; these are implicitly calibrated together
with the actual parameters of the model; see Section 3.4. Hence, we consider
that is already a martingale measure, and also is our pricing measure,
whatever way it would have been obtained from the real-world measure.

Once the pricing rule (i.e., the pricing probability measure) has been chosen,
prices are defined as the expected value of their actualized payoff. In the

´case of Levy processes, European options can be priced efficiently, using a
technique based on the characteristic exponent, which we now explain.

We first recall a useful result on Fourier inversion. Let be a real
random variable with distribution function and characteristic function :

( ) ( )

Then the following formula holds for all (see [80] or [114]):

1 1 ( ) ( )
( ) (3 19)

2 2

Assume that a contingent claim has a payoff at time given by ( )
´and the pricing probability is , under which is a Levy process. Let be

the characteristic exponent of under , that is
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continued

˜Upon defining ( ) (log( )), we can write the price of this option as

˜ ( )

Denoting by the distribution function of under , this expression is
equal to

˜ ( ) ( )

where can be retrieved from the characteristic exponent of :

1 1
( )

2 2

Suppose that so that Lebesgue theorem applies and
is differentiable; then there exists the density

1
( ) ( )

( ( ) denotes the real part of the complex number ), and the option is
worth

˜ ( ) ( )

In any case, the value of can be obtained by performing a numerical
integration procedure. However, the analysis can be carried further in some
cases, as shown in the next example.

Consider the case of a put option with strike price and maturity
, the payoff of which is given by ( ), where ( ) ( ) .

In that case, it is in fact possible to go one step further if we make
the additional assumption that . Define a new probability
measure as the Esscher transform of :

( )
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numeraire,´

Let be the price of the put option:

( ) ( )1

1

The last expectation can be expressed as ( ). In terms of the
´Levy process , the price is then

[ ] (3 20)

´where log( ). Let be the Levy exponent of under ;
then we have

1 1
2 2

1 1
2 2

Going to the probability is a technique known as the
introduced in [42]. This can be generalized to other payoffs,

provided one can find appropriate probability measures such that
the price can be expressed in terms of ( ), being the exercise set
(i.e, the different states of the world when the option is to be exercised).

We give a more detailed treatment of a few popular examples. We first
´describe some products for which pricing can be done efficiently with Levy

processes, before considering some particular models.

Exotic products can be priced within the framework we have just introduced,
by using numerical methods that will be described later. However, for some
of them, a more explicit solution is available, that can spare the use of heavy
numerics. We give two examples here: perpetuities and barrier options.
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Perpetuities and perpetual options
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Both perpetuities and perpetual options
have infinite maturity.

give a lifelong return, linked to a security whose price may
be modeled, as explained at the beginning of Section 3.3. The determination
of their price is linked to the study of exponential functionals

for a suitable process . represents the aggregated returns given by a
stock with as a price process. The distribution of has received a lot of
attention in the last few years; see [23], [24], [37], and [57], [92], [93], [94],
[95] in relation to ruin theory.

Specifically, if 2 (a Brownian motion with drift), then
1 is distributed as a Gamma variable with shape parameter and scale
parameter , that is, it has a density

1 2
0

( )

(see [24], [37], [57], [93]). If is a compound Poisson process defined by

where is a Poisson process with intensity , and are independent with
an exponential distribution with parameter , then is distributed as a
Gamma variable with shape parameter 1 and scale parameter ; if
has a drift, specified by

( 0)

then has a Beta distribution (1 ( )). See [57] for more details
and more results in the same vein.

This exponential functional is also related to Asian options, which can
be seen as European options on an artificial underlying, whose price at
time is

:
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When is a Brownian motion, Geman and Yor [53] derive explicit formulas
for the Laplace transform of the price of an Asian option, that is,

( )

´Unfortunately, for a general Levy process, few explicit formulae are known
(see however [23], [24]).

Perpetual options are American-style options that offer their holder the
right to exercise any time. They then pay off ( ) or ( ) , where

is the (optimal) exercise time. The problem of valuing perpetual American
´options with Levy processes has been examined in [17], [55], and [56].

Specifically, consider the case of the perpetual American put option,
which pays out ( ) at any time when the holder of the option decides
to exercise the option. Because the decision to exercise must be made from
the information in the market, must be a stopping time, and the value of
the option is, according to the standard risk-neutral valuation rules:

sup ( )

Gerber and Shiu, see [55] and [56], argue that attention can be restricted
to those stopping times of the form

inf

so that the problem can be restated as

max ( )

where ( ) ( ) . In the case when has no negative
jumps, and all that remains to do is to apply formula (3.18) to
obtain the price of the perpetual American put option as

sup ( ) sup( )

where is the reciprocal function of the Laplace exponent of , as in [55].
The maximization problem above can easily be solved explicitly, and we
have

( )˜ arg max ( ) (3 21a)
1 ( )

( )˜( ) (3 21b)
1 ( ) (1 ( ))

74

qt
t

r

L t

L

r

L S r

L L

L

r

� �

� 	

[ ]

�

� 	

�
	

	

	

	 ) 	

	) 	

� �

�

�
�

�

�
�

�

	

–  –

–

	

�

–

	

)

) 	
	

	) 	

) 	
	

	) 	 	) 	

�

�

�

� �

´FINANCIAL MODELING WITH LEVY PROCESSES

L
L

L

0

0

0

ln( ) ( )
0

0

( )

0
0



� � �

Barrier options
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If has negative jumps, the following result is obtained in [56] in a
particular case. Suppose that is a compound Poisson process
with drift , with intensity , and jump distribution ( ), 0. Let

( ) ln( )

the as it is
called in [56]. In the special case when is a compound Poisson process
with drift, can be computed as

( ) ( )

Then ( ) ( ) satisfies the equation

( ) ( ) ( ) ( ) ( )

The perpetual American call option can be treated in a similar way.
Equations similar to (3.12a, 3.12b) are obtained when has no positive
jumps, while if has positive jumps, the same study as just discussed can
be done.

´In [17], results are obtained that cover a broader range of Levy processes,
by means of advanced analysis techniques. However, they do not cover the
Variance-Gamma model examined in the next section, and the price of
the perpetual American put option is characterized as the solution to a
variational problem far less explicit that the one studied here.

More generally, results are currently obtained concerning the optimal
stopping of processes with jumps—for example, see [88], opening the way
to the valuation of American options.

Barrier options are among the most popular of exotic
derivatives. In the case of geometric Brownian Motion, their pricing has
been extensively studied by a number of authors, for example, [54], [75],
[97], from both a theoretical and a numerical point of view. We ex-

´plain how this work can be repeated in the case where we use a Levy
process in place of the Brownian motion to model the underlying price
process.

We focus on the case of an Up-and-In barrier Call option, whose payoff
is defined to be

( ) 1
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where is the strike price and is the barrier level. We suppose
and . Denote by the first instant when crosses the level . Recall
that , so that can also be written as

inf ln( )

Suppose that has no positive jumps, then we have almost surely
From Section 3.1, we know that the Laplace transform of is given by

1

where is the inverse bijection of the Laplace exponent of .
The option expires worthless if ; its price is therefore

1 ( )

where ln( ). This can be written, using conditional expectations:

1 ( ) 1 ( )

1 ( )

Because is a strong Markov process, the conditional expectation

( ) can be interpreted as the price of a call option with

strike price and maturity when the spot price is 1. How to price such
an option has been explained in Section 3.2, and we denote by ( ) this
quantity. It remains to compute 1 ( ) ; however, because

almost surely this reduces to

1 ( ) ( ) ( )

where denotes the distribution function of (under ), that can be
retrieved from its Laplace transform by

1 1
( )

2 2

When has positive jumps, the barrier is crossed by a jump with
positive probability; the preceding analysis applies identically, except for
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the fact that one cannot replace with in the conditional expectation.
Hence the final formula for the price of the Up-and-In call option in this
case is

1 ( )

This can be computed numerically using Monte Carlo simulation; analytical
computations require the joint law of the pair ( ). This law is known via
its Laplace transform, given by the Pecherskii-Rogozin identity (see [91],
[96]). More precisely, it is possible to show that

1 ( )
[ ] 1

( )

where the function is given by

1
( ) exp ( ) ( )

Hence, it is in principle possible to retrieve the joint law of ( );
however, this method demands a very high computational effort. The

´pricing problem for barrier options under Levy processes has been studied
from another viewpoint in [17].

We now describe some particular models that depart from the Brownian
motion and the Poisson process. Using these models, we will see (Section
3.4) what can be achieved in terms of the replication of the implied volatility
surface observed in the market. Discontinuous paths are of interest because
the implied volatility for short dated options has a very steep skew, as
observed in today’s equities and index markets. Figure 3.1 shows the
density of the distribution of the log-price one year from now for some of
the models studied here, as well as the Gaussian distribution (Black-Scholes
model) for comparison.

For all the distributions in Figure 3.1, the martingale restriction is
satisfied; moreover, they all have the same “volatility” (see later). We observe
already that the different curves “JD” (Jump Diffusion), “NIG” (Normal
Inverse Gaussian), and “VG” (Variance Gamma) have fatter tails than the
Gaussian distribution that corresponds to the Black-Scholes model [13];
they obviously also have different skewness and kurtosis. These features are
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in accordance with observations made on empirical densities obtained from
market data.

As mentioned earlier, we build our models directly
under a risk-neutral measure; the parameters are determined by calibrating
the model to option prices, as explained in Section 3.4. Under such a
measure, the no-arbitrage assumption requires that discounted asset prices

´are martingales. Since we suppose that for some Levy
process , this amounts to demand that

1 [ ]

´By the Levy-Khintchine formula, this is equivalent to

1
( 1 1 ) ( ) 0 (3 22)

2

´where , , and are the drift, diffusion coefficient, and Levy measure of .
Equation (3.22) is called martingale restriction, as it imposes a restriction
on the parameters of the model.

When the price process of an asset is defined as for
´a Levy process , its variability is due to the structure of . In order to

facilitate the comparison with the Black-Scholes model, we define a
parameter in this framework. A natural choice is the conditional quadratic
variation of the logarithm of the asset price: let ln( ) ,
and

(3 23)

It can be checked that, if ( ) , which is the case for the models
we study, then

( )

for all , hence the volatility parameter is in fact constant in time, and
equal to

( ) (3 24)
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See [25] for a similar discussion. Note that in the case of the Black-Scholes
model, the volatility is as expected.

Consider a model that consists of a Black-
Scholes diffusion, to which is added a pure jump random process: The asset
price process is supposed to be driven by

(3 25)

under a risk-neutral probability measure that we assume to be our pricing
´measure. Under , is the Levy process given by

log(1 ) (3 26)

Here, is a standard Brownian motion and is an independent Poisson
process with constant intensity . Since we model directly under a risk-
neutral measure , we need to choose so that is a -martingale—
that is, we must have

2

This model, already studied in [19], is a simple and natural extension
of the Black-Scholes model; it is also a particular case of the model studied
in [6]. Indeed, the price process is solution of the stochastic differential
equation (SDE)

¯ (3 27)

¯ ¯which is the Black-Scholes SDE with an additional term , where is
¯the compensated Poisson process .

The method, described in Example 3.9, to price European options is
´of course available, but due to the simple structure of the Levy process

, a more efficient way can be discussed. We will write the price of a
European contingent claim as a series; only the first few terms are needed
for acceptable accuracy.

We wish to compute the price of the payoff ( ) occuring at time .
Note that conditionally on , is a Gaussian variable with variance

2 and mean 2 where log(1 ); hence is
a log-normal variable. The “conditional price,” given , is therefore
given by a Black-Scholes formula (that is, a formula that would hold in the
Black-Scholes model), with input parameters as the interest rate and as
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( ) Weight ( ) ! Partial Sum

Convergence of the series (3.28)

0 11.66757 0.90458 10.5543
1 2.72888 0.0907 10.80189
2 0.32691 0.004547 10.80338
4 0.017854 0.00015 10.80338
5 3 8 10 3 8 10 10.80338
6 1 4 10 7 6 10 10.80338

In this example, ( ) ( ) , where the strike is at
the money. Maturity is 1 year, interest rate is 5 percent.
The parameters used are 0 1, 0 1813. The true
price is 10.80338% of spot.

TABLE 3.1

Merton’s model revisited

�
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the volatility; denote this by ( ). The (unconditional) price is obtained
by taking into account the law of , which is a Poisson variable with
parameter , by virtue of the rule of chained expectations: We obtain that
the price of the European option with payoff ( ) is given by

( )
( ) (3 28)

!

Numerically, only a few terms are needed to achieve a correct accuracy.
Table 3.1 shows that this method is quite efficient in that the convergence is
very fast.

The jump-diffusion model is a simple extension
of the Black-Scholes model. However, it lacks flexibility because the size of
the jumps is fixed. Hence we now study the model pioneered by Merton
[86]. This model is as follows. Let be a standard Brownian motion and
an independent Poisson process with intensity . Let also be a compound
Poisson process

(3 29)

where the are given by

exp( ) 1
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the being independent standard Gaussian variables, also independent of
and . The stock price is modeled as the solution of the SDE

There is an explicit expression for in terms of the driving processes
(see [76]):

exp ( ) ( 1)
2

exp( )

´where is the Levy process

( ) ( ) (3 30)
2

Notice that this model extends the jump-diffusion model, since upon
setting 0 and ln(1 ), Equations (3.26) and (3.30) are the same.
In order that be a martingale, we choose ( 1).

The method described in Example 3.9 can be used to price European
options. However, as already noticed regarding the jump-diffusion model, a
more efficient method can be used to derive the price of European options.
Assume we wish to value a contingent claim that pays out ( ) at time .
Then the same reasoning as with the jump-diffusion model holds: conditional
on , is a Gaussian variable with mean ( 2)
and variance ; the price of the option is then given by

( )
( ) (3 31)

!

where ( ) is the price of the option in the Black-Scholes model if the
interest rate is ( 2) and the volatility is . The results
given in Table 3.2 show that only a few terms of the above series are actually
necessary to achieve a good accuracy.

To conclude on the jump-diffusion models we note that the variance-
optimal hedging strategy described in Chapter 2 can be computed in the
Merton model, see [76].

We next turn to models based on the concept of subordination (see
´Section 3.1). In fact, an empirical study by Ane and Geman in [1] shows that

the logarithms of stock returns are Gaussian, provided they are considered
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�

( ) Weight ( ) ! Partial Sum

�

Convergence of the series (3.31)

0 11.63949 0.90458 10.52897
1 3.53830 0.0907 10.84992
2 0.87303 0.004547 10.853888
4 0.18586 0.00015 10.853917
5 0 03566 3 8 10 10.853917
6 0 00635 7 6 10 10.853917

In this example, ( ) ( ) , where the strike is at
the money. Maturity is 1 year, interest rate is 5 percent.
The parameters used are 0 1, 20 percent and

10 percent. The true price is 10.853917 percent of
spot.

TABLE 3.2

The NIG and GH model
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3.3 Products and Models
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Normal Inverse Gaussian (NIG) model
W

W ,
,

T u W u t

X t W T .

X NIG , , ,

in an appropriate time scale described by the “activity,” that is, the number
of trades in the stock. Also, motivated by the fact that price moves have
a minimal value given by the tick in the market, pure jump models are
investigated. Because the stock returns are lognormal in the appropriate
time scale, it makes sense to consider the Brownian motion as the basic
subordinated process. The time change—the new clock—is then chosen in
a specific way to keep the model tractable.

The models presented below show the renewed interest in models in
which the time is not “absolute.” Such models have already been considered
by Mandelbrot [83]; however, although his model was suitable for the
purpose of statistical studies on the prices processes, it did not fit in the
framework of arbitrage theory since it failed to produce semimartingales.

The was
introduced by Barndorff-Nielsen [4] and studied in [98], [101]. Let
and be two independent standard Brownian motions and let 0,

, with . Set

inf 0 :

the (scaled) process of first hitting times for a Brownian motion with drift
´, and define a Levy process by the formula

(3 32)

The distribution of is then denoted ( ); this is a mean-
variance mixture of Gaussian variables, where the mixture is driven by the
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´law of . The Levy exponent of is given by

( ) ( )

From this we see that is a martingale if 1 and

(1 )

has a density given by:

1
( )

1

where is the modified Bessel function of the second kind (see [78]).
Here is a location parameter, whereas is a scale parameter. As shown
in [4], the mean and variance of the NIG distribution depend on and

only through the ratio ; these have on the other hand an effect
on the skewness and kurtosis. Furthermore, it is shown in [4] that the

´( ) process has no diffusion component, the Levy measure is

( ) ( )

and the drift coefficient

2
sinh( ) ( )

A good feature of the NIG model is that the distribution of is known
for every time : has distribution ( ). Hence this model
could be used to price European options without the need to invert the
characteristic exponent via Equation (3.19); it could also be considered
for applications using Monte Carlo techniques. To conclude, note that if

0, and with , we recover the Gaussian distribution
with mean and variance .

´The NIG model can be generalized by considering Levy processes with
the characteristic exponent of the form

( )
( ) ( 1 ) ( )

( )
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The Variance Gamma and CGMY models

3.3 Products and Models
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where is the modified Bessel function of the second kind of index and
´the Levy density is given by

( ) 1
( (2 )) ( 2 )

Such models, called ( ), have been intro-
´duced by Barndorff-Nielsen, who has shown that the Levy process above

can be represented as a subordinated Brownian motion. Their financial
applications have been considered in [39], [40], [98], [101]. The law of
is still known explicitly, but, contrary to the NIG model, the law of is not
known for 1; however, approximations have been developed in [101]
that allow us to consider this model for applications.

The ( ) ,
introduced by [81] and [82], is another example where the logarithm of
the asset price is a time-changed Brownian motion. Consider a Brownian
motion and an independent Gamma process with variance parameter

´0. The Variance Gamma process is the Levy process

with and 0. Note that for every 0, we have Var( )
conditionally on the stochastic clock , which explains the name. Theorem
3.5 applies and we deduce that has no Gaussian component, no drift, and

´Levy measure

1 2
( ) exp

´The Levy measure is symmetric with respect to the origin if 0;
otherwise introduces skewness in the distribution. On the other hand, the
characteristic function of is given by

1
[ ]

1

This formula shows that is a martingale if

1
log 1 2 0
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In this framework, European options can be valued by the method de-
scribed above by Fourier inversion, and the fast Fourier transform algorithm
(see Section 3.5).

The CGMY (Carr-Geman-Madan-Yor) model generalizes the Variance
´Gamma model and is defined and studied in [25], [50], [51]; its Levy

measure has a density given by

0
( )

0

with 0, 0, 0 and 2, ; the CGMY model mixes
stable subordinators with time-changed Brownian motion. The characteris-
tic function of is

[ ]

´so that the Levy exponent is

( ) ( )(( ) ( ) ) (3 33)

is the overall level of activity (hence variability) of the process; and
control the importance of large negative and positive moves; at last,

controls finer properties of the process: As shown in [25], if 0, the
process has finite activity (that is, finitely many jumps in any closed time
interval). If 0 1, the process has infinite activity, but still has finite
variation. If 1 2, it has infinite activity and variation. It is also shown
in [51] that if 1, the CGMY model can be interpreted in terms of
Brownian motion.

Note that on setting 0 and , the CGMY process is nothing
but the Variance Gamma process, whereas if 1, we get the differ-
ence of two independent compound Poisson processes with exponentially
distributed jumps.

Equation (3.33) shows that is a martingale if

( )[( 1) ( 1) ] 0

A Brownian component can easily be added to the CGMY process; is
simply changed to

( ) ( )(( ) ( ) )
2
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Model Parameters Martingale Constraint Squared Volatility

�

�

�

�

	

Y Y Y Y

Y Y

´Characteristics of different models involving Levy processes

JD 0 (ln(1 ))
0
1

Merton 0 2 ( )
0 ( 1)

0

NIG 0 (1 )

0

VG ln

0
0

CGMY 0 ( )[( 1) (2 )( )
0 ( 1) ]
0 2

2,

TABLE 3.3

3.3 Products and Models
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2

2

2

2 2 3 2

2
2

Such a process is called extended CGMY (CGMYe) in [25]. Suppose
the stock price process is a CGMYe process under the (risk-neutral) pricing
measure. Statistical tests are reported in [25], that show that the diffusion
component is sometimes significant.

The last two families of models we have just examined build on the
empirical observation made in [1] that the returns of asset have a Gaussian
distribution when measured in an appropriate time scale; both these families
then consistently define the log-price process as a time-changed Brownian
motion. However, the time-change is chosen , as the hitting times
of Brownian motion for the NIG model or as a Gamma process for the
Variance Gamma process. Also of interest is the question of discovering the
time scale from market observations: This has been partly addressed in [50].
We present in Table 3.3 a summary of the properties of the different models
studied.

The last sections of this chapter are devoted to practical, day-to-day
applications of the theory and models described above. We first make more
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precise the statement at the beginning of this section that only the structure
of the process under the pricing measure is important, and we show how
this pricing measure is selected based on the information available in the

´market. Then we briefly discuss numerical methods for Levy processes, that
may be required in case no analytical formula is known. We conclude by

´the study of a concrete example that embeds a Levy process but also a
stochastic volatility feature. This model is used for the valuation of exotic
products that depend heavily on volatility structure.

One of the reasons that models with jumps, such as those presented in the
previous section, are more and more investigated is the failure of continuous
paths models to reproduce the implied volatility skew in a fully satisfactory
way, especially in the equities and index markets on a short-term scale. In
the previous section, we had assumed that we modeled “directly under a
risk-neutral probability measure,” chosen as a pricing measure. How are the
parameters chosen in practice? The amount of data available on the market
allows one, as noticed earlier, to regard some options as basic instruments;
therefore, from a modeling point of view, these options give us input data
rather than being an output of computations. This is especially true of
options traded on listed markets.

However, the no-arbitrage hypothesis should still hold globally; hence
all options prices whether or not observed in the market must be obtained as
the expectation of their discounted payoff for the model under consideration.
Just like the “martingale restriction” described at the beginning of this
section, this imposes restrictions on the (risk-neutral) parameters, and gives
us a way to derive the parameters to be used for the purpose of pricing
exotic options consistently with market observations.

Let us now describe this more precisely. In practice, the available data
consist of the quotes of European call and put options. At a given time,
denote by ( ( ) 1 ) a set of prices of European call and put
options with strikes and maturities , observed on the market. On the
other hand, the model under consideration takes a set of parameters as an
input, and issues as an output a set of prices ( ( ; ) 1 )
for the options above. So our goal is to equalize the observations ( )
and the model output ( ). This is not possible in practice because

There are usually more observations than parameters entering the
model, hence more constraints than degrees of freedom.
The observations are not perfect, that is, are subject to a kind of
“error measurement”; the quotes observed are not pure risk-neutral
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3.4 Model Calibration and Smile Replication
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prices since they take into account market imperfections such as
transaction costs, operational margin, etc. Moreover, one does not
really observe one quote, but rather the bid and ask quotes.

Since it is not possible to achieve the ideal goal of equalizing market
observations and model output, we content ourselves with a more modest
one: to minimize the gap between those. Such minimization will provide us
with a set of parameters which is in some sense the most sensible set to use,
given the situation observed in the market. To actually obtain these optimal
parameters, we solve numerically the optimization problem:

min ( ; ) ( )

where ( ) is a distance between and (for instance ( ) ( ) )
and are suitable weights.

Figures 3.2 and 3.3 show typical implied volatility surfaces obtained
from the Merton and CGMY models. The implied volatilities obtained from
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the Merton model exhibit a strong skew for very short maturities, quite
similar to the observations in the market for certain indices (see Figure
3.4). However, the skew decays extremely rapidly as maturity increases,
which makes it impossible to use this model to calibrate the entire volatility
surface.

–

90

b d
a c C . G . M

Y . C G . M . Y .

´FINANCIAL MODELING WITH LEVY PROCESSES



68 72 77 82 87 93 98 105 111 118 126 134 142
6M

7Y

0

5

10

15

20

25

30

35

40

Strike (%)
Maturity

(d)

68 72 77 82 87 93 98 105 111 118 126 134 142
6M

7Y

0

5

10

15

20

25

30

35

40

Strike (%)
Maturity

(c)

( )FIGURE 3.3

3.4 Model Calibration and Smile Replication

The philosophy of the CGMY model is to model the log-returns in very
short time. In terms of replicating the observed volatility surface, this model
performs quite well for options with short maturities, but the “smile effect”
(precisely the fact that options of different strikes are priced at different
volatilities) disappears quite fast as the maturity increases (Figure 3.3).
This behavior of the implied volatility surface is similar to that of many
models with jumps. The addition of a constant diffusion component merely
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yields an increase in the global level of volatility; because it is constant, it
introduces no time structure and no strike structure.

Figure 3.4 shows the implied volatility surface for the ETR2 index on
January 31, 2001. Following are the results of the calibration procedure
just described, as applied to the models studied in the previous section. It
can be seen that the smile can be very well approximated for single maturity
( ) and that the approximation is best for very short maturities. It
was in particular for these maturities that continuous paths models failed
to stick to the smile.

For a very short maturity of one month, the Merton and CGMY models
both outperform the Heston model, which is a continuous one, as shown in
Figure 3.5.

However, the calibration gives very poor results as soon as different
matutities come into play. This reflects the fact that the jump models we
have considered, just like the standard Black-Scholes model, bring no term
structure to asset prices. This is clear from the observation that the volatility
parameter attached to our jump model is constant in time. On the contrary,
continuous paths models such as diffusions, are known to produce such
a term structure that can be fitted to the implied volatility surface term
structure.

To illustrate this phenomenon, Figure 3.6 shows the results of the
attempt to calibrate the Merton model to option data for several distinct
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FIGURE 3.6

3.4 Model Calibration and Smile Replication

maturities: The model implied volatilities are unable to stick to the observed
smiles. A trivial remedy would be to consider deterministic time-dependent
parameters: computations could still be easily made by using the Markov
property. But this would increase the number of parameters in the model,
and it would not be very satisfactory to have to maintain one set of
parameters per maturity.
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It was already noticed in [4], [39], and [40], that pure jump models
perform best when used to fit intraday data, that is, for instance, hour-
by-hour returns. More and more such data are available from institutions
specializing in financial information systems, and the databases are also
more reliable. Hence these models become applicable to some activities
such as intraday trading, which is a non-negligible part of the activity of a
financial institution. On the other hand, continuous models such as diffusion
processes were built on a view of a wider time scale, and perform well at this
level. One reason is (as in the central limit theorem) that if many short-time
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´3.5 Numerical Methods for Levy Processes

increments are aggregated, the result tends to be so close to the one implied
by a continuous process that it is not possible to make a distinction.

These observations justify the study in Section 3.6 of a model that
incorporates both a diffusion and a jump component, thereby mixing their
effects on the resulting implied volatility.

When options need to be priced that are not within the class of European
options described in the Section 3.3 (this is most often the case), numerical
methods have to be used. These methods are classical:

Fast Fourier transform
Monte Carlo simulation
Numerical solving of integro differential equations

The last method will be described extensively in Chapter 4, which covers
partial differential equations.

The method described above and illustrated in Example 3.9 to evaluate
European options requires the inversion of the Fourier transform by the
integral (3.19). In general, there is no closed form expression for this
integral, and the computation has to be done numerically.

The fast Fourier transform (FFT) is a well-known algorithm that reduces
the computational cost of calculating a characteristic function. Carr and
Madan [26] discuss a way to apply the FFT so that the output is directly
the option prices, instead of calculating the probabilities in (3.19). Their
method consists of multiplying the call price by a deterministic factor so that
it becomes square integrable; the FFT can then be applied directly and yields
the price after rescaling. Their method allows us, using a multidimensional
version of the FFT algorithm, to obtain in one run a set of option prices for
different strikes and maturities. In order for this method to be applicable, the
characteristic exponenthas tobeknownprecisely,ornumerical errorsbecome
significant. This is the only restriction; the method can be used for all the
models described above, as well as for the one discussed in the last section.

´The simulation of the continuous part of a Levy process, which consists of
a drift term and a Brownian motion, is well known (see [71]). Hence we
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will concentrate on the jump part. Due to the path structure of the jumps
´of some Levy processes, it may not be possible to simulate them exactly; we

will have to do an approximation.
Let 0, and the approximation consists in discarding the jumps of

´size less than , so that the jump part of the “truncated” Levy process is
a compound Poisson process. Precisely, suppose that we want to simulate

´ ´the Levy process , whose characteristic exponent has the Levy-Khintchine
representation (3.2). Recall the construction we have made in the proof of
Theorem 3.2. There, was a Brownian motion with drift, was a
compound Poisson process that renders the “big” jumps of , and is a
martingale obtained by compensating the compound Poisson process .
We have that in as 0. Our approximation
is to simulate instead of .

In order to price European options,
we need only know the final value of the asset price, not the whole
path. Let then be the (fixed) terminal time, and suppose we want
to simulate . It is well known how to simulate a stan-
dard Gaussian variable ; a simulation of is then

. Now let us turn to , a compound Poisson pro-
cess of intensity and distribution ( )1 . Simulate first a Poisson
variable with parameter (the number of jumps up to time )
and simulate then random variables with distribution

( )1 . A simulation of is then . is
simulated in exactly the same way, and is then obtained by setting

[ ].
In the procedure above, the more we know analytically, the more time

we can save in calculations.

When concerned with the pricing of path-dependent
options, such as barrier options or Asian options, the sole knowledge of
the terminal value of the underlying price is not enough, and we need to

´simulate the whole path. Because the increments of a Levy process are
independent, this is in principle a recursive application of the procedure just
described to simulate terminal variables.

Denote again the time horizon by and suppose that we wish to sample
the path at equally spaced time points 2 . Because is a
Markov process, simulating when has already been simulated
is the same as simulating (a new) and adding the result to . So
what we need to do to simulate one path is to simulate independent copies
of ; this can be done as just discussed. However when the time-step
is small enough, we can make a further approximation. Indeed, it is well
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known that for 0 small enough, the distribution of a Poisson variable
with parameter can be written as

( 0) 1

( 1)

( 1) ( )

Hence as a first-order approximation of the Poisson distribution we can
use the Bernouilli distribution with parameter . When is small enough,
an alternative to simulate the jump part of is the following: Sample a
random number in [0 1]; if , then set 0, otherwise simulate
a random variable with distribution ( )1 and set .

The same can be done for ; it is then most desirable to know
[ ] explicitly, since we wish to set as before ,

where [ ].
More sophisticated simulation and other approximation methods are

currently being developed; see for instance [3] or [106]. Note that, con-
vergence is much slower than it is for the simulation of diffusion pro-
cesses, due to the number of variates to simulate according to different
distributions.

´Since Levy processes are homogeneous Markov processes, they can be
associated with an infinitesimal generator. However, because the paths
are not continuous, this operator is not a differential operator as is the
case for diffusion processes. Specifically, the infinitesimal generator of a

´ ´-dimensional Levy process with Levy-Khintchine representation (3.2) is
given by (see [7])

1
( ) ( ) ( )

2

( ( ) ( ) 1 ( ) ) ( ) (3 34)

Consider a European call option: Its payoff is ( ) (
) . In the following we adopt the normalization 1. Assume 0;

the price of this option at time is given by [( ) ]; since

97

x
,

, ,

,, ,

ij ij
i,j d

y

X
T

k

X k
t t

Finite Difference Methods

�

�


 �


 �

�

�

�

�

�

�

� �

�

�

� �

�� �

� ��

�

>

	

�

�

–

	

	 	

– –

–

�

��
#

�

#

T

T

(2)

(2)

(2)
1

( 3)

( 3) (1) (2) ( 3)
1

( 3)( 3) ( 3)
1

1

1

0

0



� � �

=

� � �

� � � �

� �

� � �

� �

� �

� �

� �

X X C C X

dC X C X dX C X d X , X C X C X X

C X adt dB X C X dt

C X X C X C X X

aC X C X dt

C X X C X C X X dt

C X dt

C X

C

dv v dt v dW .

v
dS S r dt v dW .

is a Markov process, this is a function of : ( ). Assume this
¯function is smooth enough so that we can apply Ito’s formula:

( ) ( ) ( ) ( ) ( )

( )( ) ( )

( ) ( ) ( )

martingale ( ) ( )
2

( ) ( ) ( ) 1

martingale ( )

Because we neglected interest rates, the function ( ) should be
a martingale by the no-arbitrage assumption and hence the following
necessary condition must be fulfilled

0

This integro-differential equation is the counterpart of the heat equation
that has to be satisfied by the derivatives prices process in the Black-Scholes
model. It is the same for all options: The payoff only changes the boundary
conditions. This equation cannot be solved in general; however, it is possible
to use finite difference methods to get a numerical solution.

As a last application of the theory described above, we study a model that
´involves Levy processes but also contains another component: stochastic

volatility. This is also in a spirit to remedy the most obvious drawback of
´pure Levy processes models: that the implied volatility smile exists only for

very short maturities, and vanishes very quickly as the maturity increases.
In fact, we study here a model that combines the stochastic volatility

feature from the Heston model [61] and jumps from the Merton model [86].
We thereby hope to be able to replicate the whole volatility surface.

We first recall the main facts about the stochastic volatility model we
use (see [61]).

The two-dimensional SDE

( ) (3 35a)

(3 35b)
2
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S

dv v dt v dW t dP t .

0 0

0 0

admits a unique strong solution, where and are two Brownian
motions with constant correlation . The process plays the role of the
volatility parameter in a Black-Scholes world.

Heston [61] has shown that the characteristic function of ln( )
can be computed as

( ) (3 36)

where and are deterministic functions of and . Moreover, arguing
as in Example 3.9, a probability related to the can be defined,

ˆunder which the characteristic function of has the same form as under :

( ) (3 37)

Hence the method presented in Example 3.9 can be used to price European
options, by inverting the characteristic function.

The model we study is a particular case of a general model described in
[35]. However, contrary to this description, we do not take the path of Cox
processes, but rather concentrate on a Poisson process style approach.

Let then be Brownian motions with constant correlation and
let be independent Poisson processes with respective intensities
and , also independent of ( ). Then, define as in Equation (3.29):

( ) ( 1)

where ( 0) is a sequence of independent, standard Gaussian random
variables, also independent of , , and . Similarly, set

( )

where ( 0) is a sequence of independent, identically distributed ran-
dom variables, also independent of , , , , and ( 0).
Moreover, we assume that satisfies

[ 0] 1

The two-dimensional SDE

( ) ( ) (3 38a)

( ) ( ) ( ) (3 38b)
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admits a unique strong solution, and is a Markov process in its own
filtration. As pointed out earlier, we model directly under a martingale
measure. is accordingly chosen to be equal to

( 1)

where is the interest rate and the dividend yield (supposed to be constant).
The paths of this model can be described as follows. Let be the sequence
of jump times of either or . From 0 to , the process ( )
behaves as in the Heston model. If is a jump time of , both the paths
of and are shifted by a random amount; if is a jump time of ,
only the path of is shifted. From time on, the process resumes a Heston
dynamics with new initial values, until the next time a jump occurs, and
so on. Figure 3.7 shows a typical path of the model under consideration. It
is possible to show that the characteristic function

( ) : [ ]

is equal to

( ) ( ) ( ) ( ) (3 39)

where is the characteristic function corresponding to the Heston model
(no jumps), and take into account the jumps from and .
Explicit expressions for these functions are quite intricate:

1
( ) exp ( ( )) 1 (3 40)

1
( ) exp ( ( )) 1

Details on the computation of can be found in [72]; denotes the Laplace
transform

( ) [ ] or

As highlighted in Example 3.9, a change of can be used in order
to achieve the computation of European option prices; under the associated
probability, the characteristic functions retain the same form (3.39) (see
[72]). The price of European options can then be obtained by the method
described earlier.
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S, v
As mentioned in [35], this model can be extended to a state-dependent

intensity ( ). Similar models were studied in [5] and [110].
Figure 3.8 displays the absolute price errors in bps after calibration

of the model we study to the whole volatility surface. As can be seen,
apart from extreme strike values for very short maturities (values that are
not really meaningful), the model is able to replicate overall the volatility
surface. As a result of the calibration procedure, the jump in volatility is not
significant. In fact, empirical studies show that a jump in the volatility (with
this structure) has no real effect on the structure of the implied volatility
surface; it simply shifts the overall level of volatility.
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The drawback is that this result was obtained by using a model that
includes nine parameters, which is not really satisfactory because numerical
optimization with nine degrees of freedom is very time consuming.
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Finite-DifferenceMethods
forMultifactorModels

A common efficient approach to pricing complex financial derivatives
is to numerically solve the appropriate parabolic differential equation

(PDE) given by the Feynman-Kac theorem. The dimension of the PDE
equals the number of independent stochastic factors involved. Multifactor
models occur in different situations. A number of options have more than
one underlying, such as options on baskets or outperformance options. In
those cases, each underlying corresponds to one stochastic source each of
which increases the dimensionality of the PDE. The other situation is that
market parameters considered deterministic in the Black-Scholes theory are
modeled as stochastic processes. Examples are the Vasicek model ([117]) for
a stochastic interest short rate, and the Heston model ([61]) for a stochastic
instantaneous volatility.

In this section we give examples of pricing models and their related par-
tial differential equations. We always first state the system of stochastic
differential equations, and then give the corresponding partial differential
equation used for option pricing in appropriate coordinates. The choice
of coordinates is, however, arbitrary and here chosen in such a way as to
make the coefficients of the equations look as simple as possible. For specific
problems, there might be more appropriate choices of coordinates.

The relation between the stochastic processes and the partial differential
equation is established by the . Given a stochastic
process ( ) satisfying the system of stochastic differential
equations

( ) ( ) 1
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and given a function ( ), ( ), the theorem states that the
function of expectation values

( ) ( )

satisfies the PDE

1
0

2

subject to the terminal condition

( ) ( )

where are the correlations

For options with multiple underlyings, such as outperformance or basket
options, one needs a model for the joint dynamics of the asset prices. The
general considered here has the form

( ) ( ) 1 (4 1)

where are Brownian motions correlated by .
After a change of variables

log( )

the corresponding PDE for the price ( ) is

1 1
0

2 2
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A number of options have a payoff function depending on the quotient of
two stock prices. An example is the relative outperformance option where
the payoff is

( ) max 0

¯Denoting the quotient by and applying Ito’s formula, the two-
dimensional version of system (4.1) can be shown to be equivalent to

( ) ( )

˜( ) ˜

where ˜ is defined by

˜ ( ) ( ) ( ) 2 ( ) ( )

˜and the correlation between and is

˜
˜

The corresponding pricing PDE after the change of coordinates

log( ) log( )

is

˜

( ) ( ˜ ) 0

with ˜ and ˜ being defined above.
If and are constant, then the spread process is log-normal and

any contingent claim depending only on can be priced in a one-factor
model. The two-factor model is needed if a local volatility model is to be
used.
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The is a one-factor model for the instantaneous interest rate
process

( ) ( ) ( )

The two-dimensional pricing equation for an option on the asset , that
accounts for the stochastic interest rates is

( ) ( ) 0 (4 2)

Here, is the correlation between and and log .

The Heston model is a two-factor model for the stock price and the
instantaneous volatility process given by the system of SDEs

( ) (4 3)

( ) (4 4)

The correlation between the two Brownian motions and is denoted
by . The two-dimensional pricing equation for an option on the asset

is

( ) ( )

(4 5)

The partial differential equations that arise in option pricing theory, in
particular the equations from Section 4.1, become parabolic differential
equations if the option price is written as a function of time to maturity

instead of . Since analytical and numerical properties of parabolic
differential equations are extensively studied in literature, we adapt to their
notation and consider first the abstract problem of numerical solutions
of parabolic PDEs. All formulas can directly be applied to option pricing
problems if is interpreted as time to maturity. An initial condition at

0 of the parabolic equation then corresponds to a terminal condition at
maturity , which is the terminal payoff of the option.
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In general, a parabolic partial differential equation (on a rectangular
domain) can be written as

[ ] in 0 (4 6)

where ( ) ( ) is a -dimensional rectangle and
denotes the partial derivative ( ( )) ( ) with respect to (w. r. t.) the

time variable . The operator is an elliptic differential operator defined
by

[ ] (4 7)

Subscripts and again denote first- and second-order partial deriva-
tives w. r. t. the variables and . All coefficients ( ) ( ), and
( ) are defined on [0 ] . To get a well-defined unique solution

to (4.6), it has to be complemented by additional conditions to be ful-
filled on the boundary of the rectangle, and at an initial point of time

0. The full problem including boundary condition and initial condi-
tion is

[ ] in (0 )

(4 8)(0 ) ( ) in

[ ] on

Here, denotes the (outer) normal derivative on the boundary of . Under
mild assumptions on the coefficients of equation (4.7), the above problem
has a unique well-defined solution. Many problems in multifactor option
pricing can be written in the form (4.6) with appropriate boundary and
initial conditions.

Often the pricing problem involves an infinite domain that has to be
replaced by a large enough finite rectangle for computational purposes. In
those cases it might be appropriate to use a linearity boundary condition
(cf. [115]). In two dimensions, this type of boundary condition is of the
form 0 on the left and right boundary, and 0 on the upper and
lower boundary. The mixed derivative term is also supposed to vanish
on the boundary. Applying the differential equation on the (e. g., left and
right) boundary then yields

(4 9)

The conditions on the upper and lower boundaries are found similarly.
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To discretize the PDE (4.6), the domain [0 ] is represented by
mesh points ( ), where

( ) ( )

and . The bounds for the indices are

0 1

0 1 1

such that the total number of grid points is

The finite difference solution on the mesh points is denoted by .
The following difference operators (for simplification here only defined in
two dimensions) will be used for notational convenience:

2

D

Then the derivatives in the differential operator can be approximated
to second order in as

1
( )

2

( ) (4 10)

1
( )

4

where

( )

( )( )

108

j , ,jk

d
j , ,j d dj j

k

d

i
i

k
j , ,j

ij i ,j ij i ,jx

xy ij i ,j i ,j i ,j i ,j

x ij i i

i

x x
i

x x
i

x ,x x x
i j

x x
i i

x x
i j

�

�

�

�

�

	

	 	 	 	

	

# #

×


 





� � 	

� � 	

	

	 	

	














 



 






 


#

�

�

�
�

�

�
� �

�

�
� �

� �

� �

�

FINITE-DIFFERENCE METHODS FOR MULTIFACTOR MODELS

d

d d

d

i i

i i

i j i j

i i

i j

1
1 1

0

0

2
1 1

1 1 1 1 1 1 1 1

1 1

2
2

2

2

2



u
u

Mu

M u

u u

u u Mu

u
u u

u u Mu Mu

4.3 Explicit and Implicit Schemes
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Let denote the vector of all mesh values at time step .
The values are known from the initial condition. The discretization of
equation (4.6) approximates the derivatives by the appropriate difference
quotients and is evaluated at all inner points of the domain . The operator
( ) [ ] is approximated by the difference operator

( )

The operator can be seen as a matrix operating on the vector . For
the boundary mesh points, the discretization of the boundary condition has
to be employed. A straightforward implementation of the mixed boundary
condition in (4.8), or the linearity boundary condition (4.9), is to take a
one-sided difference approximation of the normal derivative . Another
possibility is to use central differences, using a virtual mesh point outside
the mesh. This point can be eliminated using the discretized differential
equation on the boundary point.

For simplification we will only consider inner points at the moment. The
evaluates the differential operator at time step and ap-

proximates the time derivative by a forward difference ( ) ( ).
The discretized equation becomes

Starting from the initial condition one iteratively calculates the values
for using the values . Obviously this is easy to implement. The main
problem is that the scheme becomes unstable if is too large compared
to ( ) . For computations with high accuracy and thus a larger number
of mesh points, the scheme becomes inefficient due to the extremely large
number of time steps needed.

A more general approach is the -method, that evaluates the spacial
difference operator at time steps and 1 and interpolates:

(1 )
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Collecting terms, this becomes

(1 ) (4 11)( )

The special case is also called the Crank-Nicolson scheme. Its
particular property is that the convergence is second order in . Solving
(4.11) for involves solving a large system of linear equations, which
has to be done for each time step. Since the coefficient matrix is a very
sparse matrix, that is, most of its entries are zero, it can only efficiently
be solved using iterative solvers, such as successive overrelaxation (SOR)
conjugate gradient (CG) methods.

The alternating direction implicit (ADI) scheme is an unconditionally stable
scheme that involves only solving tridiagonal linear systems. In contrast to
implicit schemes, it is therefore not necessary to employ iterative schemes
to solve large sparse linear systems. The idea is to use partial steps per
time step, each of which treats the derivatives w. r. t. one of the variables
implicit and the remaining derivatives explicit. Using the notation of Section
4.2, we define the following difference operators:

M D

M D for 1

M

The ADI scheme used here is similar to the scheme in [29]:

(1 ) 1 (1 )

(1 )
. .. .. .

(1 ) (4 12)

In each fractional step, one of the spacial variables is treated partially
implicitly by the -method, whereas the other variables are treated explicitly.
The mixed derivative terms are always treated explicitly. The accuracy of
the scheme is ( ) (( ) ) for all choices of . If no mixed derivatives
are present, the accuracy is (( ) ) (( ) ) for .
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The accuracy in time for equations with mixed derivative terms can
be improved by including an additional step to time-center the mixed
derivative. The complete scheme is

ˆ(1 ) 1 (1 )

ˆ ˆ(1 )
. .. .. .

ˆ ˆ(1 )

(1 ) 1 (1 )

ˆ

(1 )
. .. .. .

(1 ) (4 13)

The accuracy of the above scheme is (( ) ) (( ) ) for .
Sufficient conditions for unconditional stability are derived in [29] (for the
case of constant coefficients and no drift terms). They are

for 2 3

( 1)
for 3

2

In particular, in two and three dimensions, the choice yields an
unconditionally stable scheme of second order in space and time.

The implementation of the scheme is straightforward. Each of the
fractional steps involves solving a tridiagonal linear system of as many
equations and unknowns as there are mesh points. If denotes the number
of mesh points, the computational effort is of the order ( ). For the
implementation, see [99].

The difference scheme above applies only for inner mesh points. There-
fore, it has to be complemented by a difference scheme for mesh points on
the boundary. Two types of boundary conditions will be treated here:

Mixed boundary conditions:

on (4 14)
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Linearity boundary condition:

0 on (4 15)

More information on the linearity boundary condition can be found in
[115]. Discretization of each of the boundary conditions will be described
for the case 2 for clarification. For boundary condition (4.14) there are
two possible schemes. The first one replaces the derivative in (4.14) by a
one-sided difference quotient. As an example, the scheme for the points on
the left side of consistent with (4.12) would be

Thereby, the tridiagonal structure of the system of linear equations is
retained. An alternative scheme assumes a virtual mesh point and takes
central differences:

2

The value can be eliminated by employing the discretized differen-
tial equation on the boundary point (0 )

(1 ) 1 (1 )

The two equations above yield an equivalent equation of the form

with coefficients , , and that can be calculated. This system fits into
the tridiagonal system (4.12).

Boundary condition (4.15) at a left boundary mesh point (0 ) is
discretized by employing the discretized differential equation while setting

0 and using only one-sided difference approximations for
the remaining differentials in -direction. Let the one-sided version of the
difference operator be defined by

M ( ) ( )
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Then scheme (4.12) is complemented by

(1 ) 1 (1 )
(4 16)

(1 )

The schemes for the other parts of the boundary are constructed in a similar
way.

In this section, the convergence and performance of the -scheme, with
Biconjugate Gradient Stabilized (BCGS) solver, and the ADI scheme will be
examined. As example, we take the Black-Scholes two-stock model (4.1) for
an outperformance option. The payoff at maturity is

( ) max 0

where and are weights and is the strike. As an analytical solution is
available, we can compute the numerical pricing error. In the examples we
use 0 05, 0 3, 0 15, 0 2, 1, and 0.

Figures 4.1 and 4.2 show the convergence w. r. t. the space discretization
for the ADI and the BCGS schemes, respectively, calculated with 100 time
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steps per year. In this example we set 0, but the result does not change
much for different choices of . Both schemes exhibit a similar convergence.

The convergence w. r. t. the time discretization is shown in Figure 4.3
for the case 0 (no mixed derivatives). The result for the BCGS scheme
looks very much the same, so the corresponding graph is not shown here.
For the choice 0 5, the convergence is of second order in , whereas for

1 it is of first order, resulting in a slower convergence. Setting 0 7,

�
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=

=

dtthe ADI scheme is only of first order in regardless of the choice of
because of the mixed derivative term. The graphs for this case are shown
in Figures 4.4 and 4.5. Here one can see that the ADI scheme converges
considerably slower than the BCGS scheme.

As a last issue, the computing time is compared for the ADI and the
BCGS scheme. Figure 4.6 shows the time needed to price the outperformance
option described earlier as a function of the mesh size. The ADI method is
much faster, especially for a larger number of mesh points. Using a better
preconditioner, such as incomplete lower triangular-upper triangular (ILU)
decomposition, the performance of the BCGS scheme might be improved.

�

�

115

. dt

. dt

�



20

0

60

40

100

80

120
E

rr
or

50 100 200150

Mesh Size

ADI
BCGS

�

�

�

Computing time for ADI and BCGS schemes.FIGURE 4.6

� �

=

dS r p S dt S dW .

t , T r
p

S , t

This surely will be the case if the coefficients are taken to be constant in
time, such that the preconditioning has to be done only once. If a new
coefficient matrix is taken for each time step, then the ILU preconditioner
usually does not improve the efficiency.

In modeling equity markets, there are two important features to be taken
into account that go beyond the classical Black-Scholes theory:

There is a pronounced volatility skew, usually in the form in which
implied volatility is monotonically decreasing as a function of the
strike of the option.
The stock periodically pays dividends.

A class of models that exhibits a volatility skew are the level-dependent
or stochastic volatility models, both of which can be written in the form

( ) (4 17)

[0 ], where denotes the continuously compounded interest rate,
the repo rate, and the instantaneous volatility—all of which may be

stochastic processes. Examples are the level-dependent or local volatility
model ( ) or the Heston model, where is given by another
stochastic differential equation.
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To fix the notation, let be the cash dividends at times ,
0 . Until further notice, the quantities are allowed to
be stochastic. We denote the present value of all future dividend payments
up to maturity by and the accumulated dividends from 0 to time by
˜ formally

1 ( )

˜ 1 ( )

To actually use dividend models for numerical pricing, one has to be
more specific about the dividends. One possible assumption is that the
dividend payments are linear functions of the spot price before it goes “ex
dividend,”

Let be dividend estimates. For short-term, dividend estimates
are quite accurate, so one could set to zero, such that the dividends
are deterministic and equal . For long-term options, a pragmatic
approach is to introduce a blending function , taking the value 1 for the
first two years and then decreasing linearly to 0. Then one sets .
The coefficients can then be fitted to the forward curve by
using the iterative scheme

(1 )

((1 ) )

Obviously, to prevent arbitrage, the stock price has to jump by an amount
at time . However, there are numerous ways to incorporate that jump

into the nondividend model (4.17).
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This is the most obvious extension to (4.17), where we just
add the jump to the SDE by means of the Dirac delta function ( ):

( ) ( ) (4 18)

The dividend yield model consists of adding a function
(“dividend yield”) to the repo rate :

( ) (4 19)

In this model the forward curve is continuous and given by

for all . A discontinuous forward curve due to discrete dividend payments
can be approximated by the yield model. If one assumes a piecewise constant
dividend yield function , taking constant values on intervals ( )
( 1 ), then one can match all forwards by solving the equation

( ) log log

for .

From the original stock process, one can define
the continuous “ex dividends” process

˜ (4 20)

˜The process starts at minus the present value of all expected future
˜dividend payments up to maturity, and ends at . The assumption

˜for the stock process is that satisfies the SDE

˜ ˜ ˜˜( ) ˜ (4 21)

Let be deterministic. Then the dividend models (4.18) and
(4.21) describe the same process if

˜
˜ and (4 22)

˜
˜ (4 23)
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4.6 Dividend Treatment in Stochastic Volatility Models
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THEOREM 4.2
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By assumptions, the process is deterministic, with differential

1 ( ) ( )

( )

Then, from (4.18) it follows that

˜

( )

˜( )

˜ ˜
˜ ˜

Comparing this equation to (4.21), one easily sees that the models
are the same if and only if

˜˜ and˜ ˜

proving the theorem.

A main application of dividend model (4.21) is to obtain closed-form
solutions to European options.

˜ ˜Let ( ) be the price of a European call option with maturity and
˜strike written on the underlying satisfying (4.21). Then, the price of

˜the same European call option written on the stock is given
by

˜( ) ( ) (4 24)
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In particular, if all coefficients are constant, Black-Scholes formula yields

( ) ( ) ( ) ( )

where

log(( ) ) ( 2)( )

The price ( ) is given by

( ) max( 0)

˜ ˜max( 0) (using )

˜ ˜( )

˜since can be considered as non–dividend-paying stock. Equation (4.24)
˜now follows from the identity . The rest follows directly from

the Black-Scholes pricing formula for European call options applied to
˜the underlying .

This model is similar to model (4.20), (4.21), except
that instead of the “ex dividends” process, one considers the continuous

ˆcapital gains process , modeling the value of one stock plus the value of
all dividends immediately reinvested. It is defined by

ˆ ˜ (4 25)

ˆ ˆin particular . The assumption now is that the process satisfies
the SDE

ˆ ˆ ˆˆ( ) ˆ (4 26)
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Similar to Theorem 4.1, the following theorem holds:

The dividend models (4.18) and (4.26) describe the same process if

ˆ
ˆ and (4 27)

ˆ
ˆ (4 28)

Again, this dividend model can be used to derive closed-form solutions
for European options. The result, corresponding to Theorem 4.4, is:

ˆLet ( ) be the price of a European call option with maturity and
ˆstrike written on the underlying satisfying (4.26). Then the price of

ˆ ˜the same European call option written on the stock is given
by

ˆ( ) ( ) (4 29)

The price ( ) is given by

( ) max( 0)

ˆ ˜max( 0) (using (4.25))

ˆ ˆ( )

ˆ ˆ( ) (since )

proving the theorem.
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In the local volatility model without dividends the stock price satisfies

( ) ( ) (4 30)

where and are assumed to be deterministic, and is a known
function of spot and time. In the presence of dividends, one can use the
dividend models from Section 4.6 with ( ). Using model (4.25),
the function ( ) can be calibrated analytically using Dupire’s formula
(cf. [38]) and Theorem 4.3. The result is:

ˆ ˜Let satisfy equation (4.26), with the instantaneous volatility
ˆ being a function

ˆˆ ˆ ( )

Let a continuum of European call prices be given, denoted by

0

ˆAssume that the prices : define a smooth surface in and
. Then, the local volatility ˆ can be calculated as

ˆ ˆ ˆ( )
ˆ ( ) (4 31)

1 ˆ
2

For the European option, the following identity holds:

ˆ ˆ˜( ( )) ( )

Now one has exactly the same situation as in the case without discrete
ˆdividends, with the stock process being replaced by , and the given

ˆEuropean call prices being replaced by the quantities .
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The Feynman-Kac partial differential equation for either of the dividend
models discussed above can be derived in a straightforward way. The (one-
factor) PDE for the fair price ( ) of an option on corresponding to the
jump model (4.18) is

( ) ( ) (4 32)

between two dividend payments. On a dividend payment date, there is an
additional jump condition

( ) ( )

Note that the option price is continuous over a sample spot path, since the
spot price drops by the amount at time .

The PDE for model (4.21) is most naturally written for the function
˜˜ ( ) ( ):

˜ ˜ ˜˜˜ ˜ ˜ ˜( ) ˜ ( ) (4 33)

˜Since is a continuous process there are no jump conditions needed for
˜˜ ( ). However, sometimes it is more convenient to formulate the equation

˜in the original coordinates ( ) instead of ( ). This might be the case for
barrier-type options where one has a boundary condition on a fixed spot
level, such as

( ) for all (4 34)

˜In coordinates the boundary would be moving (or rather jumping at a
dividend payment date). Transforming (4.33) into coordinate yields

˜ ( ) ˜ ( )( )

for (4 35)

There are now additional jump conditions at the dividend dates

( ) ( )

The treatment of model (4.26) is similar.

In the Heston model, the instantaneous volatility is given by
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where the instantaneous variance process and follow a system of SDEs

( ) (4 36)

( ) (4 37)

The correlation between the two Brownian motions and is denoted
by . Again, one can use the dividend models from the previous section.

As an example, we assume model (4.26). This is equivalent to assuming
ˆthat follows a Heston process. The advantage now is that there are

analytical solutions for European options that can be used for an efficient
calibration of the Heston parameters to market data. Let denote the

ˆfair price of a European call option on , and denote the fair price of a
ˆ ˆEuropean call option on . Since is a Heston process (without dividends),

ˆthe price of is given by an analytical formula. By Theorem 4.4, the
price is given by

ˆ

After the Heston parameters have been calibrated, exotic options can
be priced using a two-dimensional PDE. Writing the equation in terms of
ˆ , no jump conditions on dividend dates are needed, and the equation has
exactly the form (4.6).
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Convertible bonds

ConvertibleBonds
andAssetSwaps

The history of convertible bonds (CBs) dates back over 100 years, although
the real boom in sales has only occurred over the last two decades. Figure
5.1 shows that the issued volume grew from just over 23 billion U.S.
dollars in 1995, to more than 100 billion by 2000, when the market
capitalization stood at over 450 billion U.S. dollars. European and U.S.
markets are currently the main contributors to new issuance, as shown in
Figure 5.2. Issuance in Japan was considerable during the 1980s, and the
capitalization of the Japanese CB market remains the largest in the world,
although economic circumstances have caused Japanese CB issuance to
decline greatly in recent years. In Europe, France has the largest convertible
bond market, with about 30% market share. The average deal size goes
up steadily: In 2000 the average was over 600 million Euros, with ten
deals going over one billion Euros. Most convertible bond issuers are of
investment grades (BBB or better), with only about 10 percent of issuers in
Europe in subinvestment (junk bond) grades.

are bonds issued by a company that pay the holder
regular coupons and that may be converted into the underlying shares,
normally at the holder’s discretion. They are widely traded on the secondary
market. Having equity, interest rate, and credit exposure, the convertible
bond is a challenging hybrid security to value. They are usually subject
to default risk, that is generally represented by a credit spread, and that
influences the discount rate which should be used to value the bond. The
choice of approach used to model this influence is of paramount importance.

In addition to the conversion feature, most convertible bonds have call
and put features. The call feature allows the issuer to buy back the bond
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make whole

for a predetermined price. Such call is normally protected by a threshold
(trigger level) and is frequently available only after a certain date. The
bond holder has the right to convert the bond once the call is announced,
so the call feature is mainly used to force early conversion. The put
provision, by contrast, allows the bond holder to sell back the bond in
exchange for the put price. Again, it is available only during certain periods
and it will be exercised when the yield curve steepens: The bond holder
then redeems the bond and reinvests at a higher rate. Furthermore, many
convertibles have extra features to make them more attractive to investors.
These include conversion price resets, cash at conversion, and
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5.1 Convertible Bonds

s

provisions. In general, it is not optimal to convert a bond before maturity
(compare to an American-style call option) except when called.

Merton [85] proposed to value a defaultable bond based on the face
value of the bond and the value of the firm. Hull [62] outlined a convertible
bond model to calculate the discount rate from the probability of conversion,
which is assumed to satisfy the Black-Scholes equation [58]. Intuitively,
since a high stock price means conversion is more likely, the discount
rate should then be close to the risk-free rate. In 1997, Jarrow, Lando,
and Turnbull [64] proposed pricing defaultable bonds by considering the
credit-rating transition-probability. The default probability is linked to
the transition-probability from one grade to another. The risk-neutral
transition-probabilities used in the model are calibrated to a series of
zero-coupon risky and risk-free bonds and to the historical credit-rating
transition-probability matrix. Later, Tsiveriotis and Fernandes [116] priced
convertible bonds by creating an artificial Cash Only Convertible Bond, the
cash flows of which are discounted back at the full risky rate (risk-free rate
+ credit spread). We will outline an alternative method that considers an
artificial portfolio which consists of a long position in a convertible bond
and a short position in number of shares.

There are also a number of papers which introduce multifactor models
pricing convertibles [30]. Their advantage is that the additional factors
allow a more realistic representation of the market. Their disadvantages are
that they typically postulate variables unobservable in the market, whose
calibration can be difficult, and that they are generally computationally
expensive to run when compared with one-factor models.

In this chapter, we look at one-factor models implemented in a finite dif-
ference framework and examine various choices of credit-spread treatment.
Additionally, we examine the effect of the volatility skew on the pricing of
convertible bonds, approached in a deterministic local volatility model.

Incorporating the credit-worthiness of the issuer into the valuation of con-
vertible bonds presents a special problem. This arises because the holder can
obtain value from the bond in two ways: either from receiving cash payments
(coupons, repayment of principal at maturity, and early redemption at the
holder’s option), or from converting the bond into equity. It is generally
held that these processes are differently affected by the credit-worthiness of
the issuer, in that the ability of an issuer to make cash payments is certainly
affected by his cash flow situation, but his ability to issue new shares, in any
situation short of actual default, is not.

A quantity , the credit spread, is defined to quantify the market’s view
on the likelihood of an issuer being able to meet an obligation to make a
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cash payment on its due date. We define it by reference to the market price
of a defaultable zero-coupon bond (0 ) and of a risk-free bond maturing
at the same date , thus:

(0 )
log (5 1)

(0 )

In one-factor convertible bond models, this quantity is explicitly as-
sumed to be deterministic. Given this assumption, one may consider a
number of approaches for incorporating it into the valuation algorithm.

In the following section we consider three such approaches. Bear in
mind that the aim of all these is to use a single deterministic number, credit
spread, in such a way as to discount the value to the bond-holder of the
fixed payments but not the value he obtains from conversion to equity.

The first approach involves making an
adjustment to the discount rate used in the numerical scheme. In this
approach the credit spread is weighted according to the (risk-neutral)
probability of conversion of the bond, and the effective “defaultable”
discount rate is given by

ˆ(1 ) (5 2)

in which is the risk-free rate, the conversion probability, and we in-
ˆtroduce the (1 ) . The conversion

probability is itself clearly a derivative of the underlying asset price and
as such satisfies the PDE

( ) 0 (5 3)
2

At low values of , it is clear that 0 and thus the discount rate is the
full risky rate , which corresponds well with our understanding that a
deeply out-of-money convertible bond is essentially a pure bond with little
equity content (i.e., the option to convert is worth little). At high values of
, by contrast, the risk-free rate is used in discounting the conversion and

coupon value, which conflicts with the aim of applying risky discounting to
fixed payments. Refer also to Hull [62] in connection with this approach.

Tsiveriotis and Fernandes have proposed
[116] an approach which addresses the high- limit by decomposing the
convertible bond into a cash-only part (the , de-
noted or ) and a share-only part . The COCB is a hypothetical
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(not a real) instrument which is defined such that its holder would receive
those fixed payments (i.e., coupons, redemption, etc.) which would be
received by an optimally behaving holder of the full convertible bond,
but would not benefit from shares received on conversion. The share-only
convertible bond is precisely the converse, yielding only the corresponding
conversion cash flows. The full convertible bond value is given by

.
The core of the method is to separately discount the two parts at

the risky and riskless rates respectively. As derivatives of , they obey the
following pair of Black-Scholes equations, which are coupled through the
application of free boundary conditions.

( ) ( )
2

( ) (5 4)
2

where is the credit spread of the bond, the risk free interest rate, and
the dividend yield.

Free boundary conditions are determined by the behavior of : If the
bond is optimal to convert, is set to zero (in the backward induction
scheme) and to the conversion value.

From the above two equations, it is clear that

ˆ( ) ( ) (5 5)
2

in which the conversion-adjusted credit spread is given by

ˆ (5 6)

It can thus be seen that the Tsiveriotis-Fernandes approach is equivalent to
a form of scaling the credit spread according to the moneyness of the bond,
similarly to the conversion probability approach.

The low- limit is the same, in that the bond will not convert and
therefore 0 . In the high- limit, contains only
coupon payments and not the principle repayment, and as such is generally
substantially smaller than .

We have found in practice that the above two
approaches have drawbacks at high-credit spreads, say 500 bp or more. For
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this reason, we introduce a third approach based on the delta hedging of a
CB position.

As stated earlier, the aim of these deterministic credit-spread treat-
ments is to apply an adjustment to that has the effect of discounting
fixed payments but not those cash flows resulting from conversion. In the
Tsiveriotis-Fernandes approach, this is achieved by splitting the CB price
into two components, separately discounted. The approach outlined here
proposes an alternative split of the CB into components taken to be riskless
and risky.

Consider a long-CB position which is delta-hedged by shorting
shares. As such, we require that the portfolio is instantaneously
independent of stock price movements, i.e.,

( ) 0 (5 7)

We may now split the bond price into two parts: a stock part , that
is discounted at the risk-free rate , and a bond part (stock-independent by
the above equation) that is discounted at the risky rate.

Proceeding similarly to the Tsiveriotis-Fernandes case, we find the
conversion-adjusted credit spread

˜ 1 (5 8)

For comparing the risk premium
methodologies, we take as a test case an idealized bond that exhibits
the most important features encountered in real bonds. Explicitly, we con-
sider a bond having four years remaining until maturity, having notional
equal to 100, paying a 4 percent annual coupon and having conversion ratio
1.0. We consider it to be noncallable for the next two years and thereafter
callable at 110, with a trigger at 130. We let the credit spread on the bond
take the relatively high value of 5 percent to clarify its effects in the different
treatments.

In Figure 5.3 we show the effects of choice of credit-spread treatment
as the spread widens: At low spreads, as much as 400 bps, the effect is
small and the treatments are not very distinct. At higher spreads, the effect
is quite marked, amounting to several percent. It is occasionally necessary
in practical situations (perhaps a bond issue by a young company in a risky
sector) to wish to price a bond at spreads well in excess of 500 bps, so the
range of spreads shown in Figure 5.3 is not unreasonable.

To further illustrate the consequences of spread treatment choice, we
show in Figure 5.4 a graph of price versus volatility for our example
bond. It can be seen that two of the three treatments lead to negative vega
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S

at low volatilities—a counterintuitive side effect of these methodologies.
Fortunately, this generally occurs at volatilities too low to be of much
real-market significance.

An intuitive understanding of this behavior can be gained (Figure 5.5)
by noting that with zero credit spread, the present value of the payoff at
maturity is a continuous function of the value of spot at that time, because
the discounting is unaffected by whether this payoff is from conversion or
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S

S

redemption (depending on whether is greater or less than the notional
plus final coupon). This payoff is strictly nonnegative vega. By contrast, if
a severe discounting is applied to value obtained from redemption of the
bond, then although the magnitude of the payoff at maturity is a continuous
function of , its present value is not. This discounted payoff profile may
be vega-negative.

Convertible bonds are complex hybrid securities whose pricing in real
markets is affected by a number of factors. Indeed they are probably
the most complex widely traded instruments. A complex convertible-bond
model would probably take into account stochasticity of the equity, interest
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.

rates, and default probability. In view of this, it is clear that convertible-bond
models must go well beyond simple Black-Scholes.

In this section, we apply the Vasicek model outlined in Chapter 4
to the challenging case of the convertible bond, and in addition consider
a deterministic local volatility model. The former is a two-factor model
while the latter is a single-factor model in which a large number of pa-
rameters are introduced in order to reproduce the market-implied volatility
surface.

Since
CBs are coupon-bearing instruments typically of five years’ maturity or
longer, it has for a long time been seen as natural to model them under some
stochastic interest-rate model.

Using the Vasicek model (4.2), we can obtain pricing differences between
this model and Black-Scholes. The numerical solution can efficiently be
calculated using the two-dimensional finite difference ADI method described
in Section 4.4. Our test case is a four-year noncallable bond yielding a
4 percent coupon and having a conversion ratio of 1.0, priced at 100 bps
credit spread.

In Figure 5.6, we set the correlation in (4.2) to 0 7 and we vary the
equity price between deeply out-of-money and deeply in-the-money values,
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observing little effect from stochastic interest rates at either extreme, a result
we intuitively expect in the limits when the bondholder’s receipt of the
bond’s cash payments is independent of the behavior of the equity. The
peak difference occurs around the point at which the bond is at the money
(equity price equal to conversion price).

To see the effect of varying the correlation, in Figure 5.7 we vary the
correlation of Equation (4.2) between 1: The effect is almost exactly
linear. In general, we see around a 1 percent price difference for our
four-year test case: The effect becomes larger as maturity increases and its
magnitude depends on the parameters of the Vasicek model.

It is well known
that the presence of skew in implied volatilities requires us to go beyond the
Black-Scholes model in equity markets. Furthermore, it is also well known
that models which yield implied volatility skew in European options also
yield prices for many other structures which can be very far from those
given by the Black-Scholes model applied to the same structure.

The trivial example of such a structure is the call spread, which is
just ( ) ( ), i.e., long a call struck at and short
a call struck at , having a common maturity . For clarity, we
explicitly list the volatilities used to price the options. Each of the
options in this structure is by definition fairly priced at the implied volatility
ˆ observed in the market for that strike and maturity: ˆ ( ). The
price of this combination is therefore clearly not the Black-Scholes price if
ˆ ( ) ˆ ( ), i.e., if there exists volatility skew for the underlying.

Figure 5.8 illustrates the effect of skew on a two year 100 percent–
120 percent spread on German insurer Allianz, showing the price of this
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structure in percent of notional against skew, measured in percent volatility
per 10 percent change in strike. The actual Allianz option market in August
2001 had a skew of around 1 percent volatility per 10 percent change in
strike at two years maturity, exactly in the center of the graph.

Another example is afforded by barrier options: No derivatives business
today would use a Black-Scholes model for barrier option in a skewed
market.

In this section, we investigate the effect of volatility skew on convertible
bonds. Since there are many models which attempt to account for skew, we
here focus on one important case: the deterministic local volatility model
of Dupire [38]. The stochastic volatility model of Heston [61] is another
important case which could also be considered and would not be expected
to give identical results.

Since implied volatilities are derived from liquid European option
prices, in the cases of most convertible bonds, there will not be sufficient
information in the market to derive implied volatilities, as the stock of
most convertible-issuing companies worldwide will not have liquid traded
options. The investigation of the effects of skew is therefore principally
applicable to major blue-chip companies where there is an option market.

The numerical solution can again be obtained using a finite difference
algorithm. For the local volatility model the standard one-factor implicit
scheme or Crank-Nicolson scheme may be used. For the Heston model
(4.6) one can use the two-factor schemes described in Chapter 4. There
is an additional difficulty that arises for the Heston model. The boundary
condition on the boundary 0 (short volatility of zero) is (see [61])

( )
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This boundary condition does not fall into one of the standard classes of
Dirichlet or Neumann boundary conditions for parabolic equations. Letting

0 the diffusion terms and vanish. The same, of
course, happens for the Black-Scholes equation letting 0, but by using
new variables log( ), those problems can quickly be amended. Trying
the same for the Heston equation one faces the problem that the drift
term becomes large compared to the diffusion term, which also may lead
to numerical problems. A general strategy is to use a scheme based on the
implicit (or Crank-Nicolson) scheme and restrict the computation to an
appropriate region in the ( ) plane.

Intuitively, we expect that the effect of skew is greatest on callable
bonds. These contain an embedded out-of-the-money call option, and it
is the implicit presence of an out-of-the-money strike which suggests the
comparison with the call spread.

To illustrate this with a numerical example, we choose a bond very
similar to the one used previously, i.e., four years to maturity, paying a
4 percent coupon and noncallable for the next two years, and thereafter
callable at 110, with a trigger at 130. Since we are concerned only with
major corporate issuers for volatility skew effects, we set the credit spread
to zero. (This is not reasonable even for major corporate issuers but, for
our present purposes, it is convenient to separate the effects of credit-spread
treatment from those due to volatility skew).

In Figure 5.9 we illustrate convertible-bond pricing under the deter-
ministic local volatility model. The parameters used for the calculations are
approximately those of Siemens during August 2001. The graph compares
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Callable asset swap

5.2 Convertible Bond Asset Swaps

local volatility pricing against Black-Scholes pricing for the bond detailed
above and for a sequence of otherwise identical bonds differing only in their
conversion prices. On the same graph we show the comparison for a second
sequence of bonds identical with the first except for removal of the issuer
call provision.

It is clear that the noncallable bond shows no deviation from the Black-
Scholes price except numerical imprecision. This is because the bondholder
will not exercise early under any circumstances, so the option is effectively
European. Since we calibrate the local volatility surface to match market
European option prices, we expect these to be repriced exactly.

The callable bond behaves quite differently. The holder of a convertible
bond can elect to convert it to stock when he receives a call from the issuer,
and it will generally be optimal for him to do so. The effect of the call
feature therefore is not to cap the value of the bond at the call price—so
it is quite different from a call spread in this respect—but to force early
conversion and consequent loss of coupons and remaining optionality.

A convertible bond asset swap (CBAS) is a construction used to separate
the convertible bond (CB) into an equity option component and a bond
component, both of which can separately be sold to different clients. Thereby
the CBAS separates the equity market risk and credit risk inherent in the
convertible bond, and thus has become a popular tool for risk management
with a large impact on the convertible-bond market. The investor holding
the credit risk will be referred to as the credit investor or credit buyer, and
the investor holding the equity risk will be referred to as the stub investor
or credit seller. Credit buyers are typically fixed income funds, commercial
banks, and insurance companies, whereas the credit sellers are equity funds,
hedge funds, or trading desks.

To illustrate the CBAS construction suppose a bank in possession of
a convertible bond wants to use a CBAS construction to sell the credit
component to a credit investor and the equity component to a stub investor.
We make the assumption that the convertible bond has a nominal amount
and a redemption value of 100. Then the bank enters into the following two
contracts (see Figure 5.10):

The bank enters with the credit investor into a callable
asset swap, where the asset is the convertible bond. The credit investor buys
the convertible bond from the bank for the nominal amount of 100. He is,
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Convertible-asset swap transactions.FIGURE 5.10

Bond option

however, not entitled to exercise the option component of the convertible
bond. At the same time he swaps the coupon payments for LIBOR (London
Interbank Offered Rate), plus a spread reflecting the credit risk. The asset
swap can be called before expiry in exchange for the bond floor of the
convertible bond, calculated with the agreed credit spread of the asset swap.

The bank sells to the stub investor a bond option on the
convertible bond for a price reflecting the equity option component. In
simple cases the strike of the option is the bond floor calculated with the
agreed credit spread of the asset swap.

Depending on the prevailing market conditions over the lifetime of the
CBAS, and the behavior of the parties involved, one of the following events
may occur:

If the stub investor does not exercise the bond
option and the convertible bond is not called by the issuer, then the
bond option and the asset swap both expire and the credit investor
redeems the bond.

If the stub investor exercises the option, then the
bank calls the asset swap and gives the convertible bond to the stub
investor in exchange for the bond floor. The stub investor then can
convert the bond into shares.

If the issuer calls the convertible bond, then this event
forces the option to be exercised with all consequences described
earlier.
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Should the convertible bond issuer default, the credit
investor is left with the recovery value of the convertible bond plus
the interest swap, which he then may choose to unwind as per market
conventions.

In practice, convertible asset swap terms can be individually negotiated
and may have different or additional features to the ones described here.
The following remarks intend to clarify some of the terms mentioned earlier
and give examples of possible variants:

The bond floor is calculated from the fixed income flows of the
convertible bond using an initially agreed-upon credit spread.
Since the strike of the bond option is (in simple cases) equal to the
bond floor, the option contains both an equity call option and a bond
put option.
Instead of fixed/floating, the asset swap could also be fixed/fixed.
If the bond is called between floating rate payment dates, the credit
investor is compensated by an adjusted accrual amount.
To protect the credit investor in case the asset swap is being called,
a lockout clause may be added to the contract. This may require
that the credit investor be paid an additional cash amount should
the bond be called before a specified lock-out date, or it may simply
prohibit the call before that date. Another feature to protect the
credit investor is a make-whole clause specifying a minimum number
of coupons the credit investor receives even if the bond is called
before the corresponding coupon payment dates.

Convertible-asset swap constructions give a number of benefits to both
the credit buyer and the credit seller. For the credit buyer, the CBAS
opens a new range of investment opportunities, often at better prices than
he could achieve in the straight-bond market. Some companies have only
issued convertible bonds, such that investments in straight bonds are not
possible. For the stub investor the main advantage is the removal of the
credit risk from the convertible bond. Using the CBAS as a risk management
component, it can help to exploit arbitrage opportunities arising from
undervalued convertible bonds. Since by entering into the CBAS position,
the stub investor sells the bond part of the convertible bond to the credit
investor, the CBAS immediately monetizes this part of his convertible-bond
position. Another advantage to equity investors might arise from the fact
that convertible bonds often have long times to maturity, such that the
CBAS gives access to long-term equity options that otherwise for many
underlying stocks would not be available.

It should be mentioned that another possibility to hedge the credit risk of
a convertible bond is to buy a credit protection by means of a credit default
swap (CDS) (see Figure 5.11) that also have a well-established market.
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In contrast to the CBAS, the CDS usually is not callable such that the
CDS has to be unwound if the protection is no longer needed. Moreover,
the CDS often does not contain an initial payment, which means that the
convertible-bond investor has additional financing costs.

Breaking down the convertible-asset swap construction into its constituents
and taking the fixed income parts for granted, we concentrate in this
section on the convertible-bond option part held by the stub investor. In the
following, by the notation CBAS we mean the value of this bond option part.
Generally, the CBAS can be seen as a compound option on the convertible
bond, where the payoff is given by

max( 0) (5 9)

Here, denotes the convertible-bond value and the strike, that is
calculated as the sum of the following terms:

Strike notional (usually the nominal of the convertible bond).
Adjusted accrual amount .
Unwinding value of a given swap.
Lockout amount (optional).

The adjusted accrual amount is given by ( ) for
the fixed-floating case. stands for the bond notional, for the LIBOR
rate, for the accrual spread, and for the time elapsed since the last
coupon payment date of the swap long leg. The unwinding value is the
termination payment that would have to be paid to unwind a swap, that
pays fixed amounts equal to the coupon payments of the bond and receives
floating rate payments of LIBOR plus a spread defined in the asset swap
terms. In the fixed-fixed case, the floating-rate payments are replaced by
fixed-rate payments. The lockout amount compensates the investor for
the return he would have received during the lockout period had the call
not occurred: In the usual case of the fixed-floating swap, it is equal to the
present value of the spread payments during the remainder of the period.

140

t t t

t t

K

Pricing and Analysis

	

× ×

CONVERTIBLE BONDS AND ASSET SWAPS

0

0



�
�
�
�

�
�
�
�

�
�
�
�

5.2 Convertible Bond Asset Swaps

K
CB

A numerical solution for the CBAS price can easily be calculated from
the appropriate pricing PDE using a finite difference scheme on a two-
layer mesh. One layer holds the convertible-bond price as described in the
previous section, the other layer holds the CBAS price. Starting with the
payoff (5.9) at maturity, the Black-Scholes equation is solved backwards in
time, as usual.

At each time step within the exercise period, the current CBAS value is
forced to be greater or equal to the exercise value (5.9). The strike in
(5.9) can be evaluated just by discounting cash flows. The CB value is
taken from the first layer of the mesh. That still leaves us with the choice
of the appropriate stochastic model. If we restrict ourselves for practical
purposes to one-factor and two-factor models, the obvious possibilities are

One-factor stock process (Black-Scholes, local volatility).
Two-factor stock process (stochastic volatility).
One-factor stock process, one-factor short rate process.
One-factor stock process, one-factor credit spread process.

To analyze the effects of spot price, interest rate, and credit-spread
changes, we start with the Black-Scholes model and look at how the price
changes with respect to those market parameters. The impact of the skew
on the price of the convertible bond has been treated earlier and will be left
out here.

To set up a test case we take as underlying convertible bond the
example from an earlier section. It was a 4 percent coupon 4-year bond
with conversion price 100, that is callable after two years for a price of 110
with call trigger 130. The static market data is

Spot: 80.
Interest rate: 6 percent.
Credit spread: 300 bps.
Volatility: 30 percent.

The convertible-asset swap is exercisable over the whole lifetime of the
convertible bond and has the following underlying swap structure:

Notional: 100.
Type: fixed-floating.
Fixed rate: 4 percent.
LIBOR spread: 300 bps.

Figure 5.12 shows how the CBAS option price moves with the equity
price. As you would expect, the form of the graph is similar to that for a
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FIGURE 5.13

call option. In fact, the CBAS price is very close to the CB price minus
the CBAS strike. This effect will be explained later in more detail. Figure
5.13 is a graph showing the CBAS option and CB prices against the credit
spread. As shown in the graph, when the credit spread is low, the CBAS
price moves by approximately the same amount as the CB price when the
spread changes. This means no extra optionality exists for the CBAS option.
When the credit spread is higher than a certain level, however, the CBAS
option value is almost independent of the credit spread, while the CB value
keeps decreasing as the credit spread gets higher. This is due to the fact that
the CBAS will not get exercised when the credit spread increases. Since we
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q
stripped convertible bond

N c

q

kept the spot price constant while moving the credit spread, in this case the
CBAS resembles a European option (see end of this chapter). This shows one
of the limits of the simple Black-Scholes model, because in reality it is unlikely
that the spot price stays constant when the credit spread increases. The
impact of interest rate changes on the CBAS value is shown in Figure 5.14.
In contrast to the CB value the CBAS value goes up with increasing interest
rates. The reason is that the strike of the CBAS is roughly equal to the bond
floor of the CB and decreases as interest rates rise. It was already remarked
earlier that the CBAS in this sense implicitly contains a bond put option.

In some cases, the CBAS option price is simply taken as its intrinsic
value, which is the convertible bond price minus the bond floor calcu-
lated with credit spread equal to the fixed swap spread . This intrin-
sic value is also called the . We now discuss
the cases in which this simplification holds, and make the following
assumptions:

The CB has a nominal , coupons , and no call or put features.
The CB is optimally exercised at maturity.
The current credit spread is .

To ensure the assumption that the CB is optimally exercised at maturity,
it can be shown that this will be the case, if the coupons are higher than
the stock dividends. The argument is similar to that for an American call
option.
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At maturity , the CB and CBAS options have payoffs:

max( ) (5 10)

max( 0) max( 0) (5 11)

where at maturity

Now consider a time before maturity with stock value . It can be
shown that the convertible bond value is:

( ) ( ) ( ) (5 12)

where ( ) is the bond floor price with credit spread , is the
stock dividend yield, and . The functions ( ) and ( )
are cumulative normal distribution functions and are defined as
(log ( ) ) ( ). The CBAS option intrinsic value at
time is

( ) ( ) (5 13)

where

( ) ( ) ( ) ( ) (5 14)

Assume is the smallest discrete time period, so no exercise opportunity
exists between time and . The CBAS option value at time is simply a
European option with payoff defined in (5.11):

( ) ( ) (5 15)

Clearly this value is independent of the credit spread. By comparing (5.13)
and (5.15), we can judge whether it is optimal to exercise early or not.

Case 1: In this case, ( ) ( ) and ,
so 0, which means the intrinsic value is always larger than the
unexercised option value. Therefore, the stripped convertible bond
value (SCNV) is equal to the CBAS option value.
Case 2: In this case ( ) ( ). The extra term

in the intrinsic value is negative, so the CBAS option will not be
exercised early. The CBAS option is simply a European option, which
is naturally independent of the credit spread.
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Case 3: The exact boundary below which it is optimal
to exercise the CBAS option can be found by solving the equation

0 for . For sufficiently small and no (or neglectable)
coupons during the period we have the approximation

( ) ( ) (5 16)

yielding the spread boundary

(5 17)
1 ( )
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DataRepresentation

T he representation of financial market data in the context of equity
derivatives is a difficult task due to the multitude of instruments and the

various parameters which define them. The added burden of sharing this
data across trading, risk management, and settlement systems required in a
derivatives house complicates the process of defining such data.

Derivative products, with many parameters defining each specific con-
tract, can result in extremely complex data structures. Also, their dependence
on market data such as the underlying stock and interest rate curves means
that the total amount of data to price such a derivative is large, as depicted
in Figure 6.1.

With software running on different operating systems, written in differ-
ent programming languages, and utilizing different data storage, the transfer
of data between multiple systems potentially involves transformation of the
data at every stage in the entire business flow (refer to Figure 6.2).

Certainly in most institutions, it is unlikely that a consistent software
platform will exist across business areas. The needs of the front-office
and back-office are quite different, and to expect one software package
to fulfill these different requirements is unrealistic. It is also necessary to
communicate with external systems; for a front-office system this may be to
a live price or trade feed, for a back-office system this may involve overnight
uploads to an external clearing house.

These interdependencies result in a large development effort in trans-
forming data from one system to another, and a potential maintenance
nightmare when system data structures change. Although this development
effort cannot be eliminated, through the use of new constructs such as the
Extensible Markup Language (XML) which is rapidly emerging as a de
facto data representation tool, it can be reduced through the use of common
and easily transformable data structures (Figure 6.3).
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The following sections will provide an introduction to XML, first
by presenting an overview of the language itself, and then moving into
other associated standards useful for describing and manipulating XML
data. Finally, some discussion on methods for describing equity derivatives
will be presented as a prelude to the following chapters on application
connectivity and web-based pricing applications.
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<body> <table>

<html>
<body>
<h1>Prices for stock DBKG.F</h1>
<table>
<tr><td>Bid</td><td>89.2</td></tr>
<tr><td>Ask</td><td>89.4</td></tr>
<tr><td>Last</td><td>89.4</td></tr>

</table>
</body>

</html>

Refer to http://www.w3.org.

6.1 XML

1

The Extensible Markup Language is a specification published by the World
Wide Web Consortium (W3C) that specifies a markup language for docu-
ments containing structured information [59]. Like the Hypertext Markup
Language (HTML), a well known specification for displaying content in a
web browser, XML has it origins from the Standard Generalized Markup
Language (SGML). As a way of defining different special-purpose mark-
up languages, SGML was first considered, however it was decided that due
to its complexity, something simpler was needed: enter XML.

The introduction of XML was hailed by many as a revolution in
computing, and it has now become a critical component in developing
web-based and distributed systems. Architectures such as Java and .NET are
incorporating XML as a fundamental component of their class libraries, and
XML libraries are available for virtually all other programming languages.
The success of XML has not only been due to the support of industry, but
also due to its strength in structured information representation, and its
independence from any programming language or operating system.

Unlike HTML, where specific markup and grammar are defined, the
XML specification does not provide these definitions. Tags found in HTML,
such as and have a clear definition and indicate a display
layout which should be consistent across all HTML parsers. For example,
the following piece of HTML processed by a web browser will display a
three row, two column table, displaying stock price data.

These tags, their corresponding closing tags, and the hierarchy provide
layout information to the web browser. However, the markup is really only
describing the layout of a table on an HTML page; there is no capability of
adding further markup to provide additional descriptive information about
the content. The fact that the content is representing the bid, ask, and last
prices for a particular stock code is irrelevant to the HTML parser; it is
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Price

bid ask last

�

<?xml version="1.0"?>
<price code="DBKG.F">
<bid>89.2</bid>
<ask>89.4</ask>
<last>89.4</last>

</price>

89.2

DBKG.F

<price> <bid>

<ask> <last>

<name...>

<american>

. . .

Tree structure for an XML document.FIGURE 6.4

well formed

Start-tag name

attributes

simply text. Now, by concentrating on the data representation, and not the
presentation, an XML document for defining the bid, ask, and last prices
for a stock might look like:

Rather than the tags describing visual layout in the form of tables, rows,
and columns, the tag specifications and structure describe the actual data.
For instance, from looking at the XML data it is clear that is a bid
price for the stock .

For XML to be parsed correctly, it must be , that is, tags
must be closed, and no tags must be out of order. Also, an XML document
must contain a single root node, and this node can contain one or more
child elements. The structure of an XML document forms a tree, as shown
in Figure 6.4.

In this diagram, the root node is and the other tags ,
, and are children of this node.

. A start-tag has the general form , where
is the name that identifies the type of the element, and where
corresponds to optional (discussed later). An example
start-tag without any attributes is .
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</name>

</american>

<name.../> <american/>

<price>

<price code="DBKG.F"/>

<price>

xmlns:

<ns:price xmlns:ns="some-uri">data</ns:price>

<price xmlns="some-uri">data</price>

6.1 XML

End-tag
name name

Empty-element tag

attributes,

someidentifier

ns
some-uri

. An end-tag is required for every start-tag and has the form
. The value must correspond exactly with the

defined in the start-tag. End-tags may not contain attributes. The
corresponding end-tag for the above start-tag is .

. If no data is contained between the start- and
end-tags, then an empty-element tag can be defined that has no
corresponding end-tag, and that allows attributes in the form of

. An example of this tag type is .

Start-tags and empty-element tags can also contain which specify
extra property information for the particular tag. For example, to add the
code attribute to the tag is as follows:

Note the use of the empty-element tag in the above example.

Namespaces are an important part of XML, as they provide a mechanism for
identifying the context of the markup. For instance, it is quite probable that
the tag could mean something completely different in a domain
outside finance. By specifying a namespace, it is possible to more clearly
describe the tags and attributes. Namespaces are declared using the

and are added to a tag as in the following example.

The identifier is bound to the Uniform Resource Identifier (URI)
. The namespace declaration is considered to apply to the element

where it is specified, and to all elements within the content of that element,
unless overridden by another namespace declaration.

A default namespace can also be specified which applies to all child
elements as in the following.

For further details regarding XML namespaces, refer to the W3C
specification at http://www.w3.org/TR/REC-xml-names.
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<? target-name string-of-chars ?>

<?xml version="1.0"?>

<!-- some comment here -->

<price>
<!-- Define a list of stock prices. -->
<bid>89.2</bid>

</price>

<?xml version="1.0"?>
<american>
<code>FTSE_OTC</code>
<underlying>
<code>FTSE</code>
<currency>GBP</currency>

</underlying>
<expiry>2005-06-30</expiry>
<strike>6000.0</strike>
<cp>Call</cp>

</american>

Processing instructions are strings inserted into an XML document to
provide a way to send a message to an external application providing
content relevant to the processing of the document. The content, however,
might not be relevant to the document itself. Processing instructions take
the form:

Although the declaration has the same for-
mat as a processing instruction, it is actually not one, but is optionally used
at the start of an XML document to indicate the version of the XML [16].

Comments can be placed anywhere in an XML document in the form:

and are ignored by the XML parser. They are simply used for descriptive
purposes.

Nesting gives XML a powerful way to represent complex data structures.
For example, in the case of a more complex data structure, such as an
American option, an XML document may take the following form:
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<underlying><code>FTSE</code></underlying>

<underlying><code>FTSE</underlying></code>

Document Object Model (DOM)

Simple API for XML (SAX)

6.1 XML

As stated earlier, element tags must not overlap, but

is legal, however

is invalid.

The above sections have given a brief overview of XML and the various con-
structs which define a document. It is clear that as the data to be represented
increases in size and complexity, so too does the XML document. To be
able to utilize the benefits of XML, tools must exist to simplify the process
of reading and writing XML. Fortunately for the developer, class libraries
and tools are available to do exactly this. Two techniques for parsing XML
have become popular—DOM (Document Object Model) and SAX (Simple
API for XML)—and each has a different approach to parsing. The size and
content of the XML often helps determine which is more suitable.

The Document Object Model provides a
tree structure in memory for the developer to access the XML document.
The DOM interface provides a straightforward mechanism to access and
manipulate the object in memory. Usually the DOM is instantiated, whereby
the XML document is read into memory and parsed. If the XML document is
valid, a set of nodes is created, with each node containing certain properties
depending on type. It is now possible to access nodes from the DOM; the
various XML parsers available provide methods for this purpose.

The DOM provides a simple way of accessing
content, but requires the entire XML document to be initially read into the
object. For extremely large documents this may be inefficient. The Simple
API for XML (SAX) was thus developed as an alternative event-driven
model for processing XML. This allows SAX to process an incomplete
document without the need to validate the entire XML document. This
event-driven model, comes at a cost however, as in the implementation it is
necessary to keep state across events.

Choosing a parser type is in many ways dependent on the type of
data being processed, as both of the above models offer advantages for
different situations. Other XML parsers have been written, offering other
speed and usability optimizations. For further details on parsing, refer to
[16] and [84].
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<pricelist>

<?xml version="1.0"?>
<pricelist>

<code>DBGK.F</code>
<price type="bid">89.2</price>
<price type="ask">89.4</price>
<price type="last">89.4</price>

</pricelist>

The flexibility to create any entity definition in XML is obviously very pow-
erful, as it provides a representation of complex data structures. However,
this flexibility can also be its biggest weakness, as the likelihood of having
multiple representations to describe the same data is high. For instance,
there is no reason for someone else not to define a completely different set
of tags and layout for the previous stock price example. In the following
XML definition, the use of attributes determines whether the price is a bid,
ask, or last, and the root tag of is different:

There are endless permutations of how to describe the same data, and
on initial thought it would appear that the transformation nightmare is
simply transferred, rather than reduced as was promised with the use of
XML. Also, the above XML provides no programmatic information, such
as the data types of each element. When mapping to languages such as C++
and Java, it would be nice to have the ability to map between the data and
program variables such as integers, strings, dates, and more complex types
such as arrays and classes.

Fortunately, other specifications which are part of the XML family, and
defined by the World Wide Web Consortium, provide consistent mechanisms
to describe and transform XML document content. The two main speci-
fications which will be discussed below are XML Schema and Extensible
Stylesheet Language Transformation (XSLT).

It is unusual for XML to exist in the raw form as discussed in the previous
section, without some mechanism to describe and constrain the XML
representation. For instance, when describing a particular piece of data it is
necessary to define what constitutes that data and the structure of the data.
By using XML Schema it is possible to formally define the types and the
context of an XML document. The XML specification currently includes
Document Type Definitions (DTDs) that fulfill the same role, however
XML Schema has begun to take over this role, as it provides a number of
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<schema>

<xsd:schema xmlns:xsd="http://www.w3.org/2000/10/XMLSchema">

<?xml version="1.0"?>
<trade date="2001-06-21">
<code>DBKG.F</code>
<quantity>1000</quantity>
<price>90.10</price>
<buySell>buy</buySell>
<account>
<reference>C1232</reference>
<brokerage>0.01</brokerage>

</account>
</trade>

<schema> <trade>

date

<xsd:element name="trade">
<xsd:complexType>
<xsd:sequence>

<sequence>

<code>

The namespace refers to the version of XML Schema at the time of writing. Refer
to http://www.w3.org/XML/Schema for the latest release.

6.2 XML Schema

simpleType

2

benefits not available with DTDs. In particular, unlike DTDs, XML Schema
descriptions are XML documents themselves, and therefore can be parsed
and created using the same tools used for the underlying XML document
that they describe. Although DTDs are in use today and are part of the
XML specification, it is anticipated that XML Schemas will replace DTDs
for the purpose of XML description, and therefore DTDs will not be further
discussed.

An XML Schema document is opened with a element, along
with a namespace identifier as follows:

The best approach to providing an overview of XML Schema is to work
through an example. In this case, XML Schema will be used to describe and
constrain the following XML document representing a trade execution:

The initial step after the element is to examine the
element and determine its type. As it consists of a attribute and several
child elements it is defined as a complexType as follows:

Groupings in XML Schema are defined using compositors, of which
there are three kinds (sequence, choice, and all). In the above example the

compositor is used to indicate an ordered list of child elements.
For the child nodes, such as , a is defined:
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<xsd:element name="code" type="xsd:string"/>
<xsd:element name="quantity type="xsd:integer"/>
<xsd:element name="price" type="xsd:decimal"/>
<xsd:element name="buySell" type="xsd:string"/>

type

<account>

<trade>

<xsd:element name="account" minOccurs="1" maxOccurs="2">
<xsd:complexType>
<xsd:sequence>

minOccurs maxOccurs

date <trade>

<xsd:attribute>

<?xml version="1.0"?>
<xsd:schema xmlns:xsd="http://www.w3.org/2000/10/XMLSchema">
<xsd:element name="trade">
<xsd:complexType>
<xsd:sequence>
<xsd:element name="code" type="xsd:string"/>
<xsd:element name="quantity" type="xsd:integer"/>
<xsd:element name="price" type="xsd:decimal"/>
<xsd:element name="buySell" type="xsd:string"/>
<xsd:element name="account"

minOccurs="1" maxOccurs="2">
<xsd:complexType>
<xsd:sequence>
<xsd:element name="reference"

type="xsd:string"/>
<xsd:element name="brokerage"

type="xsd:decimal"/>
</xsd:sequence>

</xsd:complexType>
</xsd:element>

In the above, the attribute is used to specify the data type of the
element—in this case one of the predefined XML Schema data types.

The element is another complexType and so the format
is the same as for the root element. For this tag, it would be
useful to define a mechanism whereby the definition allows for one or two
lots of account details. This might be applicable in the case of a cross
trade, whereby the broker is both the buyer and the seller. By adding extra
attributes to define the minimum and maximum occurrences (known as
cardinality), this can be achieved.

By default, both the and attributes have a value
of one.

Finally, for the attribute of the element, an
section is used in a similar fashion to the simple

type element definition.
Therefore, after working through the document, the complete XML

Schema document is:
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</xsd:sequence>
<xsd:attribute name="date" type="xsd:date"/>

</xsd:complexType>
</xsd:element>

</xsd:schema>

xsl

http://www.w3.org/TR/xslt.html

6.3 XML Transformation

3

By utilizing such a schema, it becomes possible to bind XML documents
to programming constructs such as classes in C++ and Java. This allows for
the autocreation of class libraries from XML documents, also applicable
to the the next chapter, the process of marshaling (converting objects into
XML) and unmarshaling (the reverse process), both of which make use of
the XML Schema paradigm.

Clearly, XML provides a flexible mechanism for the representation of data,
however it has been shown that it is often necessary to translate XML
data from one format into another. When sharing data between disparate
systems, a transformation from one XML format into another format
might be required, or even the conversion from an XML document into an
HTML page for display purposes on a web site. Due to the frequency of
this transformation task, the W3C created the Extensible Stylesheet Lan-
guage Transformation Working Group.

Initially there was the Extensible Stylesheet Language Working Group,
responsible for the development of:

A language for transforming XML documents.
An XML vocabulary for specifying formatting semantics.

However, due to its usefulness, the W3C decided that the process of
transforming XML documents into other documents should be defined in a
separate specification. As a result, the XSLT Working Group was established,
with the development of a recommendation currently at version 1.0. This
recommendation defines the syntax and semantics for providing a language
for the transformation of XML documents into other documents (which
may or may not be XML).

An XSLT stylesheet, itself a well-formed XML document, contains one
or more XSLT templates. XSLT instructions are always qualified with the
XSLT namespace URI (http://www.w3.org/1999/XSL/Transform), which
is typically mapped to the namespace prefix . Defining a minimum
stylesheet would be as follows:
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<?xml version="1.0"?>
<xsl:stylesheet

xmlns:xsl="http://www.w3.org/1999/XSL/Transform"
version="1.0">

</xsl:stylesheet>

price

pricelist

<?xml version="1.0"?>
<price code="DBKG.F">
<bid>89.2</bid>
<ask>89.4</ask>
<last>89.4</last>

</price>

<?xml version="1.0"?>
<pricelist>

<code>DBKG.F</code>
<price type="bid">89.2</price>
<price type="ask">89.4</price>
<price type="last">89.4</price>

</pricelist>

xsl:template

xsl:value-of

select

In order to make use of XSLT, a translation engine is required which
accepts input in the form of an XSL document and an XML document. By
processing the XSLT instructions, an output file is generated based on the
content of the XML input (see Figure 6.5).

The example below will demonstrate the use of a stylesheet for the transfor-
mation of one XML representation into another representation. The input
XML document in the process is the original description and the
result is the variation defined with a root element of . These are
repeated below for ease of reference:

Input document.

Required output document.

The stylesheet presented below uses a series of XSLT instructions
for matching and extracting elements from within the original document
such as:

used to define a pattern-based rule.
used to output the string corresponding to an associ-

ated expression.
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XML

XSLT Engine

XSL

Output,
such as
XML or
HTML

�
�
xsl:element

xsl:attributes

xsl:output

<?xml version="1.0"?>
<xsl:stylesheet

xmlns:xsl="http://www.w3.org/1999/XSL/Transform"
version="1.0">
<xsl:output method="xml"/>
<xsl:template match="/price">

<xsl:element name="pricelist">
<xsl:element name="code">

<xsl:value-of select="@code"/>
</xsl:element>
<xsl:element name="price">

<xsl:attribute name="type">bid
</xsl:attribute>

<xsl:value-of select="bid"></xsl:value-of>
</xsl:element>
<xsl:element name="price">

<xsl:attribute name="type">ask
</xsl:attribute>

<xsl:value-of select="ask"></xsl:value-of>
</xsl:element>
<xsl:element name="price">

<xsl:attribute name="type">last
</xsl:attribute>

<xsl:value-of select="last"></xsl:value-of>

XSLT engine architecture.FIGURE 6.5

6.3 XML Transformation

It also includes instructions for generating elements and attributes into the
output document:

used for emitting elements.
used for generating attributes.

Also included is the instruction that is used to specify how the
result tree should be created, in this example as XML.

159



Web server
(such as IIS or

Apache)

XML

HTTP
Request

HTTP
Response
as HTML

ASP or JSP

XSLT Engine

XSL

Web browser
(such as 
Internet

Exporer or 
Netscape)

�

�

</xsl:element>
</xsl:element>

</xsl:template>
</xsl:stylesheet>

xsl:for-each select

xsl:call-template

Generation of HTML output to a web client from a web server
application.
FIGURE 6.6

For conversion into a displayable format such as HTML, an XSLT doc-
ument and the associated transformation engine allow web developers an
easy mechanism for publishing XML content. As client-side web browsers
understand HTML, and currently offer less support for XML (although
this is changing), the transformation usually takes place on the web server.
Using technologies such as Active Server Pages (ASP) or Java Server Pages
(JSP), HTML pages can either be statically or dynamically rendered. In the
latter approach, more interactive pages can result, due to the ability to sort
and filter data based on user input (see Figure 6.6).

In the following, a stylesheet is presented that transforms the output
of the previous example into an HTML document. The transformation
mechanism introduces new instructions for providing looping and function
calling ability.

evaluates to create a node set based on the
attribute.

invokes a template, acting like a function call.

160

Transformation into HTML

DATA REPRESENTATION



<table>

<body>

<?xml version="1.0"?>
<xsl:stylesheet
xmlns:xsl="http://www.w3.org/1999/XSL/Transform"
version="1.0">
<xsl:output method="html"/>
<xsl:template match="/pricelist">
<html>
<body>
<h3>
<xsl:text>Prices for stock </xsl:text>
<xsl:value-of select="code"/>

</h3>
<table border="1">
<xsl:for-each select="price">
<xsl:call-template name="output_row"/>

</xsl:for-each>
</table>

</body>
</html>

</xsl:template>
<xsl:template name="output_row">
<tr>
<td>
<xsl:value-of select="@type"/>

</td>
<td>
<xsl:value-of select="."/>

</td>
</tr>

</xsl:template>
</xsl:stylesheet>

<html>
<body>
<h3>Prices for stock DBGK.F</h3>
<table border="1">
<tr>
<td>bid</td>
<td>89.2</td>

6.3 XML Transformation

As the output is HTML, it is possible to include tags such as
and , provided that the entire stylesheet remains well formed. The
transformation engine will simply pass content directly through to the
output if it is not an XSLT instruction.

The resulting output would now be in an HTML format directly
displayable by a web browser:
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</tr>
<tr>
<td>ask</td>
<td>89.4</td>

</tr>
<tr>
<td>last</td>
<td>89.4</td>

</tr>
</table>

</body>
</html>

<?xml version="1.0"?>
<yieldcurve>

<currency>GBP</currency>

XSLT is the equivalent of a programming language, and therefore a
thorough analysis of the technology is beyond the scope of this book. For
further details, refer to some of the excellent references now available on
this topic [16], [70].

With XML as the data representation, and specifications such as XSLT
and XMLSchema, it becomes possible to design systems modeled on the
actual business representations, independent of particular system or process
representations. It is important to appreciate that systems and processes are
modeled around the data, and not vice versa. From an equity derivatives
perspective, the first consideration is how one would represent the data,
that is, how does one describe an American option or an Asian option?
This is opposed to first building an application, and then exporting data
in a system-specific format. An XML definition for an American option
should be completely independent of system. It is the responsibility of the
individual applications to ensure that internal data structures can process
the XML data representation.

In a derivative pricing system, it is necessary to have access to market
data for yield curves, underlyings, and derivative instruments. As such,
example XML representations will be presented here, and will be referenced
in the following chapters where system connectivity and pricing services are
described in more detail.

Yield curve.
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<today>2001-06-27</today>
<rates>
<rate><term>2001-06-28</term><value>5.00</value>

</term></rate>
<rate><term>2001-07-27</term><value>5.20</value>

</term></rate>
<rate><term>2001-10-27</term><value>5.32</value>

</term></rate>
<rate><term>2002-06-27</term><value>6.00</value>

</term></rate>
</rates>

</yieldcurve>

<?xml version="1.0"?>
<underlying type="Index">

<code>.FTSE</code>
<currency>GBP</currency>
<dividendyield>3.8</dividendyield>
<volatility>30.0</volatility>

</underlying>

<?xml version="1.0"?>
<option type="American">

<code>FTSE_OTC</code>
<underlying>.FTSE</underlying>
<maturity>2005-06-30</maturity>
<strike>6000.0</strike>
<callput>Call</callput>

</option>

<?xml version="1.0"?>
<option type="Barrier">

<code>FTSE_OTC</code>
<underlying>.FTSE</underlying>
<maturity>2005-06-30</maturity>
<strike>6000.0</strike>
<callput>Call</callput>
<barrier updown="down" inout="out">5000.0</barrier>
<rebate type="maturity">100.0</rebate>

</option>

6.4 Representing Equity Derivative Market Data

Underlying.

American option.

Barrier option.

163



�

<?xml version="1.0"?>
<option type="Asian">

<code>FTSE_OTC</code>
<underlying>.FTSE</underlying>
<maturity>2005-06-30</maturity>
<strike>6000.0</strike>
<callput>Put</callput>
<fixings>

<fixing date="2001-05-20" weight="5">5932.4
</fixing>

<fixing date="2001-06-20" weight="4">5950.0
</fixing>

<fixing date="2001-09-20" weight="3"/>
<fixing date="2001-12-20" weight="2"/>

</fixings>
</option>

Asian option.

The definitions defined above have been used in this context for the
purpose of introducing the use of XML for equity derivative representation.
In real world use, it is likely that further information would be required,
such as counterparty and settlement details. At the time of writing, industry
initiatives such as FpML (www.fpml.org) for defining derivative products
are helping to cement the use of XML as a cross-system and cross-company
platform.
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I n the financial industry, where software development time scales are
generally short, it is important to balance quick delivery of systems

to the desktop with the incorporation of general software engineering
practices. This balance is often difficult to achieve because to quickly
deliver systems often results in less time spent on analysis and design. To
overcome this, and to avoid mismanagement of development resources,
it is important to create a framework whereby common components are
developed and reused. For example, in the derivatives area, it makes sense to
centralize the development of pricing models, due to their high mathematical
content and speed requirements. Other systems dependent on the derivative
pricing library can integrate the library with little or no knowledge of the
implementation. Also, from another perspective, the use of the same pricing
models across business areas avoids inconsistencies in risk and profit and
loss calculations.

The reuse paradigm has always been a primary objective of the software
industry, and when successful, provides for more rapid development and de-
ployment of applications and better use of programming skill sets. Through
the evolution of programming languages and frameworks, the fulfillment of
this objective is coming closer.

Object-oriented languages such as C++, Java, and Smalltalk have been
used by developers for many years as a way of encapsulating functionality
within objects. For example, in the C++ language, the construct
represents the mechanism for declaring objects. This approach hides the
implementation, and a public interface provides the mechanism for using
the object. When developing derivative pricing models, usually implemented
in C++ for better control over code optimizations, a large number of classes
is required to implement and represent the derivatives, market data, and
mathematical routines. These classes are then compiled into either an
executable or a reusable set of components.
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DLL Hell

When developing in C++ on the UNIX platform, the primary method of
sharing components is via static or shared libraries, which, along with
the C++ header files describing the class interface, can be given to other
developers for incorporation into their systems. Static libraries are linked
into an executable at compile time, whereas shared libraries are loaded into
the executable at run time. The advantage of using shared libraries is that if
a change occurs in the implementation, it is possible to replace the shared
library without a recompile of the host program. However, any change that
results in a change in interface or a different memory layout will require a
recompile. On the Windows platform, Dynamic Link Libraries (DLLs) are
the equivalent of shared libraries. Products such as Microsoft Excel, arguably
one of the most used applications within the finance industry, provide a
mechanism for incorporating add-ins that provide extra functions to the
spreadsheet. By following certain interface criteria defined by Microsoft,
Excel can load and access a DLL. This method is often used for adding C++
pricing functions into the spreadsheet.

Although reuse through libraries and DLLs is continuing today, ver-
sioning difficulties soon become apparent in multiple systems that use the
same component. Often these components are installed in a common sys-
tem directory, and so any upgrade to the component, perhaps from an
installation of a new system, could overwrite the existing component. If the
component is a different version from the one required by existing systems,
this may cause these systems to crash. is a term used to describe
this problem under Microsoft Windows.

To overcome issues such as versioning, and to provide increased lan-
guage independence, Microsoft developed the Component Object Model
(COM), a binary mechanism capable of use across multiple programming
languages. By enforcing an immutable interface on the COM component,
the client application can be assured that any upgrade to the component will
not break the connectivity between the component and the application. For
the component development, this provides easier distribution. As long as
the public interface remains the same across all versions of the component
(it must, otherwise it wouldn’t be a COM component), then the developer
is safe in the knowledge that existing users of the component will not be
affected.

To extend the functionality of the component new interfaces can be
added. Figure 7.1 illustrates the addition of a new interface (IPrice2) to the
component, with no modification to the existing interface. Existing client
applications dependent on the first version of the component will happily
continue using the existing interface (IPrice), while new applications can use
the new interface.

166

7.1 COMPONENTS

APPLICATION CONNECTIVITY



IUnknown

Pricing

IMarketData

IPrice

IUtilities

IUnknown

Pricing

IMarketData

IPrice

IUtilities

IPrice2

Reliability.

Performance.

Deployment.
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�

�

Initial object is extended to include a new price (IPrice2) interface
without breaking existing users of the object.
FIGURE 7.1

7.2 Distributed Components

Other component models, such as JavaBeans, provide similar encap-
sulation to that just described. For the Java platform, JavaBeans provides
a platform-independent component methodology, and it can be utilized in
builder tools by exposing their features in a specific manner. This allows de-
velopers to examine and modify a JavaBean directly through a user interface
without writing a line of code.

Shared libraries, DLLs, and COM provide a mechanism of adding external
functionality into an application via an in-process mechanism. This means
that the code runs in the address space of the application. Out-of-process
components provide a further segregation by providing distributed connec-
tivity across different address spaces or computers. To achieve component
reuse across process boundaries, DCOM (Distributed Component Object
Model) and CORBA (Common Object Request Broker Architecture) are
commonly used. Distributed computing provides a number of advantages
over traditional in-process mechanisms, including:

Server-based systems allow for better administration, and
potentially incorporate better hardware infrastructure such as fault-
tolerant disk arrays and fail-over. Also, a problem in the component
will not cause the host application to crash, as is the case with
in-process components.

Moving the business logic from the client desktop onto
more powerful server machines can increase speed and scalability,
depending on the particular application.

Cost in rolling out software to desktop machines is
reduced. Usually a small client-stub is required on the client machine
instead of the full component.
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These advantages, however, can be negated in many respects, as the
overall system can be bound by the network. It is essential when designing
distributed systems to ensure that the network is reliable and efficient.

The Distributed Component Object Model is an extension to COM, al-
lowing objects to reside out-of-process either on another machine or in a
different address space on the same machine. Objects are usually hosted
within an executable or as a DLL hosted within a surrogate (Microsoft
Transaction Server (MTS) is one example). DCOM is primarily Microsoft-
specific, and although implementations do exist for other platforms, it would
be rare to utilize this protocol on mixed operating system environments.

CORBA is an open, vendor-independent distributed architecture that
has gained popularity across multiple platforms and is now included in
frameworks such as Java. The architecture has been in existence for several
years and is found in large distributed systems, usually written in third-
generation languages such as C++ and Java.

Other remoting architectures such as Java’s RMI (Remote Method
Invocation) provide a simple interface for client/server connectivity and
offer many of the features found in DCOM and CORBA. However, the use
of RMI, although cross-platform, is really only applicable where the client
and server are both written in Java.

These protocols, although providing functionality for state manage-
ment, garbage collection, and security, are in many instances quite heavy
in terms of resources and deployment. The rapid rise of the Internet has
created a new platform for distributed components and, as a very large area
network and stateless mechanism (through the standardization of HTTP),
has resulted in a rationalization and simplification of transport protocols.

The following sections will describe the Simple Object Access Protocol
(SOAP) as a lightweight alternative to the above, for the development of
reusable web-based services in a loosely-coupled environment. Although
the remaining sections will focus on SOAP, the authors are not advocating
its use for all application domains. The extra built-in services offered by
protocols such as DCOM and CORBA may provide a more appropriate
fit, in some cases. For further details regarding such protocols, refer to [41]
and [113].

The Simple Object Access Protocol, based on XML, defines a lightweight
mechanism for the communication of information between multiple systems

168

DCOM and CORBA

7.3 SOAP

APPLICATION CONNECTIVITY



Client Application

GetPrice()
SOAP

Request

GetPrice()
SOAP

Response

Equity Derivative Pricing
Server

SOAP request and response for GetPrice(string code) function.

The current SOAP specification can be found at http://www.w3.org/TR/SOAP.
The W3C XML Protocol Working Group address is http://www.w3.org/2000/xp.

FIGURE 7.2

7.3 SOAP

1

2

in a distributed environment. Initially developed by DevelopMentor, IBM,
Lotus Development Corporation, Microsoft, and Userland Software, the
product has been submitted to the World Wide Web Consortium [15]. At
the time of writing, the SOAP 1.1 specification has been submitted as a
W3C Note. An XML Protocol working group has also been established to
consolidate XML-based messaging systems, of which SOAP is a part.

Using SOAP, an application can connect to services of other distributed
applications regardless of operating system or programming language. The
use of XML to describe the SOAP message format avoids relying on
heavy infrastructure as is often the case with other distributed protocols
such as DCOM and CORBA, described in Section 7.2. Although these
other architectures offer more complex services as part of the standard,
the objective of SOAP was to maintain a simple, yet extensible definition
for distributed services. By maintaining simplicity, the protocol is instantly
available to languages such as C++, Java, Visual Basic, and Perl, as a base
implementation, while available toolkits provide further functionality and
hide implementation details.

A SOAP message, which must be valid XML, represents a function
call available on a remote service. As of version 1.1 of the specification,
the underlying communication protocol is not enforced, however, most
implementations currently available are on top of HTTP (Hypertext Transfer
Protocol), which is the most used protocol on the Internet. However, SOAP
implementations provide transport over message queues and SMTP (used
for e-mail).

To understand SOAP, it is perhaps best to start with a simple example
for getting the price of a stock or index, as depicted in Figure 7.2.
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double GetPrice(string code);

POST /PriceServer HTTP/1.1
Host: www.unique-price-server.com
Content-Type: text/xml; charset="utf-8"
Content-Length: nnn
SOAPAction: "some-uri"

<SOAP-ENV:Envelope
xmlns:SOAP-ENV="http://schemas.xmlsoap.org/soap/envelope/"
SOAP-ENV:encodingStyle="http://schemas.xmlsoap.org/soap/
encoding/">
<SOAP-ENV:Body>
<m:GetPrice xmlns:m="some-uri">
<code>.FTSE</code>

</m:GetPrice>
</SOAP-ENV:Body>

</SOAP-ENV:Envelope>

GetPrice code

HTTP /1.1 200 OK
Content-Type: text/xml; charset="utf-8"
Content-Length: nnn

<SOAP-ENV:Envelope
xmlns:SOAP-ENV="http://schemas.xmlsoap.org/soap/envelope/"
SOAP-ENV:encodingStyle="http://schemas.xmlsoap.org/soap/
encoding/">
<SOAP-ENV:Body>
<m:GetPriceResponse xmlns:m="some-uri">
<result>6005.0</result>

</m:GetPriceResponse>
</SOAP-ENV:Body>

</SOAP-ENV:Envelope>

The exposed function residing on the server, perhaps written in C++,
might have the following prototype:

To call this function remotely over HTTP, the client would generate a
SOAP request similar to the following:

Ignoring the namespace declarations for now, it can be seen that XML
tags exist for defining the function and the parameter . The
SOAP server process on receipt of this XML can extract the required function
name and parameters and invoke the corresponding internal function. The
layout of the response is similar and is:
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Envelope.

Header.

Body.
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string result = GetPrice(".FTSE");

<SOAP-ENV:Envelope>
<SOAP-ENV:Header>
<!-- Optional header element -->

</SOAP-ENV:Header>
<SOAP:Body>
<!-- Function, parameter details -->

</SOAP:Body>
</SOAP-ENV:Envelope>

"Response"

GetPrice()

7.3 SOAP

In this case, the important XML sections to note are GetPriceResponse and
result. The client application can process this XML and extract the return
value.

The majority of SOAP implementations currently available hide the
details of the SOAP packet, so, for example, the client request for the above
might be as simple as:

The fact that a SOAP packet is being sent over HTTP to a remote server,
is hidden from the client developer. Based on an interface description as
discussed later in Section 7.4, a particular toolkit can generate client-side
wrapper functions for generating a particular SOAP message.

A SOAP message definition is constructed from a number of XML sections:

This mandatory section is the top element of the XML
document representing the message.

Optional, the header provides an extensible section for
including extra message information such as transaction and authen-
tication details. If included, the header section must be the first child
element of the Envelope.

The body details the actual function call and parameter repre-
sentation, and is a compulsory child section of the Envelope.

When sending a SOAP request message, the function name appears in
the body section, and the equivalent SOAP response message by convention
includes the function name with an appended string. This can
be seen in the example in the previous section.

To indicate error or status information, the SOAP fault element in
a message is used. The element is contained within the SOAP body and
should convey appropriate information to the recipient of the message. In
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<SOAP-ENV:Envelope
xmlns:SOAP-ENV="http://schemas.xmlsoap.org/soap/envelope/"
SOAP-ENV:encodingStyle="http://schemas.xmlsoap.org/soap/
encoding/">
<SOAP-ENV:Body>
<SOAP-ENV:Fault>
<faultcode>SOAP-ENV:Server</faultcode>
<faultstring>Function not found.</faultstring>

</SOAP-ENV:Fault>
</SOAP-ENV:Body>

</SOAP-ENV:Envelope>

string SetUnderlying(string xmldata);

<SOAP-ENV:Envelope
xmlns:SOAP-ENV="http://schemas.xmlsoap.org/soap/envelope/"
SOAP-ENV:encodingStyle="http://schemas.xmlsoap.org/soap/
encoding/">
<SOAP-ENV:Body>
<m:SetUnderlying xmlns:m="some-uri">

<![CDATA[<underlying type="Index"><code>.FTSE</code>
<currency>GBP</currency><dividendyield>3.8
</dividendyield>
<volatility>30.0</volatility></underlying>]]>

</m:SetUnderlying>
</SOAP-ENV:Body>

</SOAP-ENV:Envelope>

the example below, a server has returned a fault back to the client to indicate
that a call has been attempted on an invalid function.

Section 5 of the SOAP 1.1 specification deals with type encoding, and
much of this follows the XML Schema data types specification as discussed
in Section 6.2 of Chapter 6. For further explanation of SOAP and data
type support, refer to the specification or [111]. As SOAP implementations
mature, and XML class serialization is integrated more fully into frame-
works such as .NET and Java, the conversion will be transparent from the
developer’s perspective.

In Section 6.4, market data and product details were described in XML.
In order to send raw XML as a parameter within XML, it is convenient
to use a CDATA section. By defining this, the XML parser will ignore the
contents of the particular section. In the case of the market data functions,
this avoids expansion of the XML data. For the creation of an underlying,
the prototype would be:

and the SOAP message:
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https://

<SOAP-ENV:Envelope
xmlns:SOAP-ENV="http://schemas.xmlsoap.org/soap/envelope/"
SOAP-ENV:encodingStyle="http://schemas.xmlsoap.org/soap/
encoding/">
<SOAP-ENV:Body>
<login>
<user>someuser</user>
<password>somepassword</password>

</login>
</SOAP-ENV:Body>

</SOAP-ENV:Envelope>

Encryption

Authentication

7.3 SOAP

At the time of writing, version 1.1 of the SOAP specification does not
address the issue of security. Eliminating the complexities of encryption,
authentication, and authorization from the specification helps ensure that
the protocol remains simple. However, due to its importance, it would be
inappropriate not to discuss the current thoughts and methods on securing
SOAP.

A SOAP message defined as text-based XML has several advan-
tages in terms of implementation and debugging, however, from a security
standpoint, it is therefore obvious that these messages can be easily in-
tercepted and understood by an impostor. Although SOAP itself does not
define a mechanism for encryption, it is possible to use the security mech-
anisms of the actual underlying transport mechanism. Common transports
such as SSL (secure sockets layer) provide a mechanism whereby the client
and server create an encrypted channel. From a web-based perspective, this
is achieved using the prefix that should be recognized when enter-
ing passwords on secure Internet sites. Provided both the client and server
applications can transact over this transport, this is an effective security
mechanism. However, the downside of sending SOAP using this method is
that performance is reduced, due to the overhead of the SSL layer.

Although transport layers such as SSL help secure the actual
SOAP messages sent across the network, they do not determine the validity
of the user. A secure system needs to authenticate users to ensure that they
are who they say they are. Within SOAP, it is possible to use the optional
header section to include authentication information. For example, before
executing any functions on the server it might be a prerequisite to perform
an initial login as follows:

The client would send the above message to the server, and because
it contains password details, it is likely that this request would be over a
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<SOAP-ENV:Envelope
xmlns:SOAP-ENV="http://schemas.xmlsoap.org/soap/envelope/"
SOAP-ENV:encodingStyle="http://schemas.xmlsoap.org/soap/
encoding/"
xmlns:SOAP-ENC="http://schemas.xmlsoap.org/soap/encoding/">
<SOAP-ENV:Header>
<authentication SOAP-ENV:mustUnderstand="true"

xsi:type="SOAP-ENC:base64">
PGhlbGxvPjxnb29kYnllPg==
</authentication>

</SOAP-ENV:Header>
<SOAP-ENV:Body>
<loginResponse>ok</loginResponse>

</SOAP-ENV:Body>
</SOAP-ENV:Envelope>

mustUnderstand

authentication

<SOAP-ENV:Envelope
xmlns:SOAP-ENV="http://schemas.xmlsoap.org/soap/envelope/"
SOAP-ENV:encodingStyle="http://schemas.xmlsoap.org/soap/
encoding/"
xmlns:SOAP-ENC="http://schemas.xmlsoap.org/soap/encoding/">
<SOAP-ENV:Header>
<authentication SOAP-ENV:mustUnderstand="true"

xsi:type="SOAP-ENC:base64">
PGhlbGxvPjxnb29kYnllPg==
</authentication>

</SOAP-ENV:Header>
<SOAP-ENV:Body>
<GetPrice>
<code>.FTSE</code>

</GetPrice>
</SOAP-ENV:Body>

</SOAP-ENV:Envelope>

secure transport. Once the validation of the user name and password has
been successful, the response from the server would be:

The important section in the above message is the use of an authentica-
tion tag in the SOAP header. The attribute is defined as
part of the SOAP specification and is used to indicate whether the header
is mandatory or optional to process. In this example, it is a requirement
for the client to process the header section. The data contained with the

section is base 64, a common method for encoding binary
data for transport over a text-based protocol such as SOAP or HTTP. The
purpose of returning this data is so that subsequent calls to the server can
include the data for use as a unique reference. A subsequent client call
would therefore include a SOAP header, and could then be executed over a
standard nonsecure transport.
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<SOAP-ENV:Header>
<cookie>some-unique-cookie</cookie>

</SOAP-ENV:Header>

Authorization

7.3 SOAP

cookie

To allow for session timeouts so that the same authentication key
cannot be used indefinitely, the server could have some mechanism for
adding an encrypted time stamp into the key, or for performing some other
rudimentary check.

Even though a user can successfully log in to the server, it
might still be necessary to restrict certain users’ access to all functions. For
example, in a trading system it might be inappropriate to grant access to
trade entry or modification. To achieve this, the server may either hide the
function details from the specific client, or perform validation checking at
each function call.

The request-response mechanism of HTTP, the most popular transport
for SOAP messages, provides a scalable mechanism for client to server
interaction. By keeping the server stateless, that is, by maintaining no
information about the client, scalability is simplified as multiple servers
can independently handle client requests. This improves performance and
simplifies the development of the server-based application.

Unfortunately, it is not always optimal to maintain this stateless environ-
ment. Where large amounts of data are required to achieve the appropriate
functionality, as is the case with option pricing, it becomes extremely in-
efficient to transport the entire data set for each SOAP request. Also, the
burden on the client application increases, contravening the philosophy of
segregating the user-interface logic and business logic. To avoid this, the
server application needs to provide some form of state management.

The simplest method for keeping server data synchronized with the
client is to pass a unique key back to the client after the first function call.
This might be done, for example, when the user initiates a login request to
a particular server. This unique key is often known as a . As with
authentication, the SOAP header could include an entry as follows:

Upon receipt of a SOAP message, the server would extract the cookie
value and map this to the appropriate data structure applicable to that user.
In Figure 7.3, three consecutive calls are executed. The first two create state
in the server by defining yield curve and underlying definitions. The third
call relies on this data for a successful fair-price calculation. Through the
use of a cookie value sent with each message, the server can maintain a
unique reference to the data structures to be used in the final calculation.

175

State and Scalability



Equity
Derivative

Pricing
Server

Client Application

1. SetYieldCurve()

2. SetUnderlying()

3. PriceAmerican()

Proxy

Equity
Derivative

Pricing
Server

Equity
Derivative

Pricing
Server

Equity
Derivative

Pricing
Server

Database

Client Application

1. Create
Yield Curve

Equity Derivative Pricing Server

2. Create
Underlying

3. Price
Derivative

Remote calls to initialize market data and price a derivative.

A proxy is used to distribute function calls into a server farm. A
database is used to manage and share state information such as yield curve and
underlying information.

FIGURE 7.3

FIGURE 7.4

Without this, multiple users of the pricing server could potentially update
the same market data.

The difficulty with this approach is that it ties the client to one instance
of the server, and therefore scalability and load-balancing become more
problematic. To overcome this, further logic would need to be added into
the server to utilize some form of shareable store such as shared memory
or a database such as in Figure 7.4. This would allow multiple servers
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<types>

<message>

Currently a W3C Note at http://www.w3.org/TR/wsdl.

7.4 Web Services

3

to access the same data, however, would introduce performance and syn-
chronization issues.

Many distributed system designs try to maintain stateless objects where
possible to avoid the difficulty in state management, and to improve scala-
bility. In reality, there will be a combination of both, and it is important for
the system architect to realize the appropriate design to ensure maximum
scalability and performance.

Through the use of SOAP and XML, a mechanism for achieving a loosely
coupled distributed architecture for derivative pricing has been shown. Once
this architecture has been put in place, it becomes possible to expose this
functionality to a wide range of clients in a simple fashion. This concept,
when used over the Internet, has been coined web services, and it is this that
is currently driving the next generation of web-based applications. In con-
junction with other XML based standards, SOAP provides the foundations
for function invocation over the Internet. For this to be successful however,
two new concepts need to be introduced:

describing the programmatic interfaces of web
services.

a registry for indexing web services, so that their descrip-
tions can be located.

Two primary standards are emerging to satisfy these concepts: the first
is WSDL, and the second, UDDI.

The Web Services Description Language (WSDL) defines an XML grammar
for describing network services as collections of communication endpoints
capable of exchanging messages. The role of WSDL is functionally equivalent
to that of IDL (Interface Definition Language) found in CORBA. An XML
document contains a number of sections, including:

: usually using XML Schema datatypes for representing data
definitions.

: abstract definitions of data being communicated.

177

WSDL

7.4 WEB SERVICES

3



�

�
�

<portType>

<binding>

<service>

GetPrice()

<?xml version="1.0"?>
<definitions xmlns:s="http://www.w3.org/2000/10/XMLSchema"
xmlns:http="http://schemas.xmlsoap.org/wsdl/http/"
xmlns:soap="http://schemas.xmlsoap.org/wsdl/soap/"
xmlns:soapenc="http://schemas.xmlsoap.org/wsdl/soap/encoding"
xmlns:s0="some-uri" targetNamespace="some-uri"
xmlns="http://schemas.xmlsoap.org/wsdl/">
<types>
<s:schema attributeFormDefault="qualified"

elementFormDefault="qualified"
targetNamespace="some-uri">

<s:element name="GetPrice">
<s:complexType>
<s:sequence>
<s:element name="code" type="s:string"/>

</s:sequence>
</s:complexType>

</s:element>
<s:element name="GetPriceResponse">
<s:complexType>
<s:sequence>
<s:element name="GetPriceResult" type="s:double"/>

</s:sequence>
</s:complexType>

</s:element>
<s:element name="string" type="s:string"/>

</s:schema>
</types>
<message name="GetPriceIn">
<part name="parameters" element="s0:GetPriceXML"/>

</message>
<message name="GetPriceOut">
<part name="parameters" element="s0:GetPriceResponse"/>

: an abstract set of operations supported by the web
service endpoints.

: a concrete representation for a specific port type.
: a grouping of related endpoints.

Leaving the messages and portType sections completely independent
of the binding allows concrete protocols (such as SOAP) to reuse the
data and operation definitions. The web services infrastructure built into
Microsoft.NET, for example, provides concrete protocols in the same WSDL
document for SOAP, HTTP Post, and HTTP Get.

Using the existing SOAP example for , the corresponding
WSDL document would be as follows:
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</message>
<portType name="MarketDataServiceSoap">
<operation name="GetPrice">
<input message="s0:GetPriceIn"/>
<output message="s0:GetPriceOut"/>

</operation>
</portType>
<binding name="PricingService" type="s0:PricingService">
<soap:binding
transport="http://schemas.xmlsoap.org/soap/http"
style="document"/>
<operation name="GetPrice">
<soap:operation soapAction="some-uri/GetPrice"

style="document"/>
<input><soap:body use="literal"/></input>
<output><soap:body use="literal"/></output>

</operation>
</binding>
<service name="PricingService">
<port name="PricingService" binding="s0:PricingService">
<soap:address location="http://localhost"/>

</port>
</service>

</definitions>

Refer to http://www.uddi.org.

7.4 Web Services

4

The above document is quite verbose for defining one public method on
a web service, however, in the majority of cases this definition is hidden with
the use of tools on both the client and server. A consumer of the service, that
is, a client or a development environment can read the WSDL document
and generate code stubs either dynamically or statically. Therefore, from
the programmer’s perspective, the entire act of marshaling data, creating a
SOAP request, and handling the SOAP response is handled transparently, so
that the entire action simply looks like a local method call. More advanced
client-side tools allow for automatic generation of asynchronous calling so
that an event is triggered on receipt of the SOAP response from the server.
This allows the client to continue local processing without blocking.

The Universal Description, Discovery, and Integration (UDDI) addresses
the problem of how to locate web services [107], and has the backing
of major corporations including Ariba, IBM, and Microsoft [2]. UDDI
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Process of finding an interface and dynamically binding to a service
to execute a remote procedure call.
FIGURE 7.5

Registries on the Internet act like search engines for locating descriptive
and programmatic information about web services. A registry can be used
to determine whether a given business partner or company has a particular
web service and to then further determine the technical details about an
exposed web service. It would be possible for a derivatives house to offer
web services via the registry and allow discovery and connectivity. In Figure
7.5, an application developed by an external client utilizes a UDDI server
to discover and to determine an interface to a pricing service offered by an
equity derivatives pricing application. A user of the service could be charged
based on a subscription or transaction basis, or the service could be offered
as part of a wider overall sales strategy.

This chapter has provided a grounding in SOAP as a protocol for com-
munication between loosely-coupled systems. SOAP provides a straightfor-
ward mechanism to enhance reusability, and, for the finance domain allows
for quicker rollout of systems to the desktop. Also, by exposing systems
such as web services through the use of WSDL and UDDI, potential new
marketing and business opportunities are created. Chapter 8 will present
some of these opportunities, and the way they utilize XML as a data rep-
resentation and SOAP as a communications protocol, in combination with
other technologies.
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Web-BasedQuantitativeServices

I n this chapter we will look at applications of a derivatives pricing
web service, and contrast the ways in which pricing calculations are

integrated into a monolithic application with the thin-client approaches
possible through use of a web service. In this section, where we refer
to calculations of price, this should be understood to refer to price, risk
sensitivities, implied volatility, and so forth: the entire range of calculations
typically performed in respect of derivative securities.

For the present purpose, we will define a client application as any which
makes use of derivative pricing calculations, irrespective of whether it is
more or less complex an application than the calculation engine itself. The
classification of client applications into “thin” and “thick” clients is made
on the basis of the amount of processing performed by the application
beyond the simple displaying of results: We will look at examples of both.

Monolithic, or single-tier, applications are those in which the user
interface, business logic, and data access are all implemented within a single
layer: Thus there is no separate process responding to requests from one
or more clients. Even if the data are stored elsewhere, an application is
monolithic if the rules for managing it are implemented within the same
process as the business logic and user interface. In a two-tier application, the
data access is managed by a separate process, often on a physically distinct
computer, but the interface and business logic remain tied together. Stored
procedures, however, do provide a mechanism for shifting some business
logic onto the database server.

Web services fit within a three- or -tier architecture, shown in Figure
8.1, in which the interface is separated both from the business logic and from
the data access. This very commonly applied paradigm separates the heart
of an application, its business logic, from the database which maintains the
persistent state of the system, and from the user interfaces. Obviously, this
separation enables the data to be accessed from any suitable application,
and potentially enables a number of different user interfaces to be created.
In development terms, the technologies used to implement the core business
logic and the interfaces might be quite different, as is particularly clear in
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User Interface Layer

Business Logic Layer

Database

The common three-tiered model of system architecture: Business logic
is separated from the data and from the user interface.
FIGURE 8.1

the case of those web-based applications in which the front-end is just an
HTML page (see Section 8.3). It should be noted in passing that, although
we logically decompose an application into three tiers, it is not necessary
that these are physically located on three distinct computers. Often the
deployment will be physically two-tier, with either a thick client running
both the presentation layer and the business logic, or else a thick server in
which the business logic is implemented entirely in stored procedures.

A web pricing service in this context clearly corresponds to the middle
layer since it provides neither the user interface nor the persistent data.
However, the model as shown in Figure 8.1 is too simple, and needs
modification if the pricing server acquires its data from another web service
rather than a database.

A slightly fuller description of the architecture of a pricing web service
is shown in Figure 8.2, the essence of which is that the business logic, in
this case the implementations of pricing algorithms, are hidden behind a
translator that maps SOAP messages onto function or method calls.

At the extreme of the thick clients are the complex trading and risk
management systems discussed in Section 8.2. Such applications are typically
implemented in C++ (or possibly Java) and offer a full range of functionality
and complex user interfaces. On a slightly smaller scale, a Value at Risk
engine (for example) needs prices of complete portfolios under a variety of
different scenarios, and extracts from the distribution of returns a Value at
Risk number. Thus, while pricing is a critical part of such an application, it
performs a substantial amount of additional logic as well. At the opposite
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lies behind a layer that maps SOAP messages onto function calls. The data access
may be provided by another web service.

FIGURE 8.2

8.1 Web Pricing Servers

end of the scale is the single ASP or JSP page, which makes a call to a pricing
server by composing a SOAP message and integrating the response into an
HTML response (Section 8.3).

A derivatives analytics library will generally be developed as a general-
purpose tool, by design not tightly coupled to any particular application or
environment. Such a general-purpose package is intended for use in a web
server, or in other environments: It can be statically linked into a trading and
risk management application (Section 8.2) or registered as a dynamic linked
library in a spreadsheet package, and can function as a web service only
if sheltered behind a layer that accepts SOAP messages, parses them, and
maps them onto corresponding method calls (Figure 8.2). Of course, client
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applications will need a corresponding layer to convert requests into SOAP
messages.

This client-server separation is not a new idea, and indeed, technologies
other than SOAP and web services can achieve it (e.g., DCOM and CORBA
as discussed in Section 7.2), but for the present purpose we focus on SOAP
and XML as the mechanism for communicating requests and their responses
between client and server processes. The requirement for a wrapper that
marshals and unmarshals requests from the network is common to all these
technologies.

The content of these network messages may be of three types in the
domain of derivative pricing, corresponding to the three easily distinguished
categories of information that must be passed into a derivatives calculation
engine:

Market data—the information on market observables required as
inputs to the pricing algorithms.
Static data—the definitions of tradeable instruments (derivatives and
their underlyings).
Control information—instructions that the server carry out a speci-
fied calculation, for example, determining the implied volatility of a
specified option, given sufficient market and static data.

While it is possible for a client to supply market and static data with
(i.e., at the same time as) the request, this is probably not optimal as, in
all likelihood, the next request will again require the same market data
(a request to price another, perhaps very similar, derivative on the same
underlying asset), or the same static data and almost identical market data
(a request to price the same derivative after the underlying price has ticked
up, for example). It is clearly better if market data are supplied in a separate
message from static data, and better yet if the independent items of market
data are supplied in separate XML messages of the types given in Section 6.4.
This trivially allows an application to transmit a yield curve (for example)
that is thereafter in memory in the server and is referenced as needed
by future requests. It may, of course, later be updated by the applications,
perhaps in response to a real-time event. Static data may be treated similarly:
The client transmits the definition of a derivative and associates with it a
unique identifier. Thereafter, requests to price that security contain little
more than its name and a list of the quantities that the client requires from
the library, that is, price and typically a selection of “greeks” (sensitivities
of price to changes in market-observed data).

We may now envisage two approaches: Either the application can
extract market data from its database and fire it across to the pricing
server in messages, prior to the requests that need it, or the server itself
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8.1 Web Pricing Servers

can request from a data source those market data items that it needs. This
latter approach is most naturally implemented as a market data service,
which lends itself to reuse in other applications and servers (Figure 8.3).
In the case that the client is a complex application such as a trading and
risk-management system supplied by a third party, the market data are
probably already in memory, in which case it may be more appropriate
to send market data messages from the system instead of from a separate
market data server.

Splitting the required data set into separate messages raises the issue of
the maintenance of state in web services. For a discussion of this, and in
particular the example of a derivatives pricing service, see Section 7.3.

As ever with distributed processing, there is the objection that it is subject
to an overhead imposed by the network, and the object of minimizing the
number and size of messages is precisely to minimize this effect. If market
data are updated much less frequently than they are used, and the static data
describing a security are updated rarely if at all (perhaps only in response
to a misbooking), then the commonest messages will be the requests for a
calculation and the response. As mentioned above, the calculation request
need contain little other than the identifier of the security to be priced, and
the response will be similarly lightweight. The objection, however, has most
force if the security to be priced has a trivial or very fast pricing algorithm,
such as an index future, a stock, or a European option. For such cases,
there is an argument for the client not making use of the pricing server,
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multithreaded

Thread-safe

but instead performing the calculations locally. The trade-off is between
performance and development and maintenance costs.

In some applications, more than one flow of control can exist simultaneously
in the code. Such applications are said to be and may have
threads of control executing many different code paths at the same time
(running genuinely in parallel on different CPUs or time-sharing on a single
CPU) while sharing at least some data. code is structured in
such a way as to function correctly in a multithreaded environment.

In a situation where a server accepts a stream of messages that may
be updates to market data or may be requests for a calculation, it is
obviously possible that a subsequent message may arrive before the previous
calculation has completed. This will be the case if the client application is
multithreaded, or if there are many clients making requests. Two avenues
are open in this case. If the pricing library is thread-safe, then each message
simply triggers the spawning of a new thread to carry out the calculation.
When the calculation is complete, the thread generates the response message
and terminates. If the library is not thread-safe, then the server has to
buffer the messages. The advantage of a thread-safe library is that when a
particularly intensive computation (a Monte Carlo simulation, perhaps) is
requested by one client, then the response to the remaining clients is not
frozen until it completes. Instead, the response to the other clients degrades
slightly, instead of going through periods when they get no service at all.
The latter may very well be completely unacceptable to some clients, notably
real-time listed option market-making systems.

When creating a thread-safe server, the problems are with the shared
data that may change, that is, market data objects. The most obvious danger
comes from messages that update market data: This would be disastrous
while one or more threads were accessing that data item. For this reason, a
thread that needs to use a market data object in a pricing calculation must
read-lock it. A message that updates a market data item requires a write
lock, and is therefore blocked until no other thread is using it.

Another problem concerns the fact that, for many models, expressions
for greeks are not available in closed form and must instead be calculated
by perturbation of market data objects. If each thread has its own copy
of any market data objects it needs, then no problem arises. More likely,
however, is that all threads will share a single instance, thus avoiding
excessive duplication of objects. In this case, a thread needing to perturb
the instance would require a write lock, would be blocked until all other
threads had completed, and would then block all other threads until it
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lazy cloning

had itself completed. This is far from ideal since calculation of greeks by
perturbation is very common in the more complex models. The solution is to
either aggressively clone (i.e., to create temporary copies of) all market data
objects in a thread-safe version of the library (but not in the non–thread-safe
versions, to preserve the performance gains versus cloning), or to adopt a
copy-on-write approach, whereby a market data object is read-locked until
such time as a perturbation is requested, at which time it is cloned and
the lock released—an approach that might be called (Figure
8.4). If no perturbation is ever requested by the thread, then of course
no clone operation is performed and no overhead is incurred. Finally, note
that the tests for thread safety given in the figure are not necessarily
performed at run time: Thread-safe and non–thread-safe builds of the lib-
rary may be more appropriate, so that single-threaded applications incur
no overhead at all.

Of central importance to the operation of any derivatives business is a
trading and risk management system whose principal functions include:

The booking of deals, and their maintenance throughout their life.
The aggregation of deals into portfolios and other groupings.
The calculation and display of profit and loss on positions.
The calculation and display of risk parameters for positions—these
latter calculations, at least, invariably required in real time.

Invariably also, a major component of this system will be a large, com-
plex database containing the details of securities (derivative and otherwise),
positions, trades, market data, and a whole host of other information.
Broadly, therefore, such applications can be crudely represented by Figure
8.5, in which we explicitly show the pricing component as separable from
the main business logic segment, and assume that market and static data
services exist and are available to other applications. The pricing component
is potentially implemented as a web service, as discussed in Section 8.1. This
also anticipates the following discussion, and reflects the fact that the pricing
component is invariably produced by a model development group distinct
from the core system implementation group.

In view of the cost and complexity of developing the whole system,
frequently it is supplied off-the-shelf by an external vendor, although it
may be developed “in-house” by a specialist group of developers who
generally have prior experience of the business area. Both approaches have
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their adherents, and both have their advantages and disadvantages: It is far
outside our scope to examine these issues.

In-house solutions will certainly require a model library to be provided,
which may itself be provided in-house or by an external vendor. In either
case, there will exist some process of integrating that library into the
application. Commercially available trading and risk systems, by contrast,
come with model libraries incorporated, but it is common for purchasers of
those solutions to wish to incorporate their own models: For this reason,
these systems typically provide a mechanism to enable this.

Section 7.1 discusses the consequences of delivering an analytics library
as a static library, shared library, or component for in-process use: Section
7.2 extends this to distributed components. These considerations apply fully
to analytics integration into a trading and risk management system. In
practice, one finds that in-process approaches impose significant coupling
between the build environments and other dependencies (such as third-
party libraries) of the analytics library and its various client applications,
making it hard for either library or client to change its build procedures
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position server

independently. This is a classic case of a convoy moving at the speed of
the slowest ship. In-process approaches also require that a version of the
library be maintained for each platform on which clients run, which can be
an appreciable maintenance overhead.

All these issues are addressed by implementing a pricing service via a
network, although this is not a universal solution: Few practitioners would
advocate that a trading and risk management system should run even fast
models remotely under all circumstances.

In a multiuser environment such as the derivatives trading business of a
financial institution, the pricing service does not fully answer one of the
problems that arises. Consider the situation when a number of users of a
particular application that is a client of the pricing server (or of an in-process
pricing library) view a particular portfolio or other, larger aggregation of
positions. When their display is initially built, and thereafter whenever a
relevant real-time event triggers an update, these users will all carry out
identical calculations: The computer resources (memory and CPU cycles)
thus used redundantly can and should be put to better use.

This inefficiency is unfortunate, but in itself is hardly fatal. A worse
consequence, however, is that users suffer decreased performance because
of this effect, and the effect is worst when the calculation load is heaviest,
that is, in quickly moving markets.

The obvious solution is to cache the results of the calculations, and to
make the cache available as a web service. This can be compared to using
pointer indirection in programming languages that support it: Instead of
referring directly to the pricing service, you refer to a service that itself refers
to it. This caching service can be called a . It can itself refer
to a number of calculation engines, as shown in Figure 8.6, with the result
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that a unified view of the capabilities of multiple pricing sources is available
to all clients.

Additionally, the position server can add extra functionality that does
not properly belong in a pricing server. To avoid excessive and redundant
calculations in response to every tick of the market, it can store for each
instrument a number of recently calculated prices and the corresponding spot
values:Thismakes interpolationpossibleon this array if the current spot value
lies within the bounds of the array. If deltas are available as well as prices,
which is often the case, these can be used to refine the interpolation by using
a third-order polynomial. While clearly the cache must be emptied if there is
an update to another item of market data, such as a yield curve, for many
applications this is rare, compared to ticks in the underlying price. Further-
more, pricing algorithms implemented on a finite difference grid (see Chapter
4) can export to the position server the complete 0 boundary, which
supports interpolation in a wide range without any further recalculations.

Hitherto we have considered the use of web services by “thick” clients:
those that perform a substantial amount of processing around the service
itself. In the remainder of this chapter we outline a technology available for
the creation of the thinnest of thin clients: a case where the client application
is just a web browser. We outline the application of this technology for
financial institutions to deliver lightweight pricing applications to users
within and without the institution.

It is obvious that the provision of static web pages is no longer the state
of the art in web sites. E-commerce sites in particular, such as the online
booksellers and other online stores, have much more the feel of a traditional
application, responsive to commands and requests entered by the user, than
just a static repository of information that the user can view. The distinction
arises because the HTML page that is delivered to a user’s web browser
contains information specific to that user, and even to his or her recent
actions within the web site. An excellent example of this is the ubiquitous
“shopping basket” on e-commerce sites.

Furthermore, this transformation from a web dominated by static
pages to one dominated by dynamic web applications has occurred in an
astonishingly short time.

The technology that allows this is the use of a scripting language to
generate HTML pages immediately before they are transmitted back to
the client by the web server. If a web server is asked for a simple HTML
page, it locates the page and transmits it back to the requester in an HTTP
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dynamic

message. With a scripting language such as ASP or JSP, the web server
executes commands contained in the requested file, generates HTML, and
then proceeds as before in transmitting the response back to the requester.
Thus an extra step shown in Figure 8.7 has been introduced, and the script
may take advantage of whatever information (which might have been
supplied by a user via form fields) is available to it to construct a different
page each time. We can call web pages generated in this way
web pages since the users can see different content each time they request
the page. For a good introduction to this technology, see [22].

However, this is not sufficient for a true web application. An application
maintains state and, as indicated in Section 7.3, HTTP is stateless. A scripting
language, or rather the support for it provided by a web server, allows state

192 WEB-BASED QUANTITATIVE SERVICES



8.3 Web Applications and Dynamic Web Pages

to be maintained, to be read and written by the script, and to persist
between page requests. This allows for the writing of true applications with
user interfaces extending entirely across the Internet or corporate intranet.
The great advantage of this is that the computer of the user need have no
software installed on it other than a web browser. This is an appreciable
consideration even within a corporation, lowering as it does the barriers
between a potential user of a service and his or her access to it, but is a very
great advantage indeed if services are to be provided outside the corporate
boundaries.

Among the benefits of this approach are the universal access it offers,
and the guarantee that all users instantly have access to the latest version of
the application. With no client machines on which to install anything, the
cost and complexity of managing the application is dramatically reduced,
compared with a thick-client approach.

Furthermore, because only pure HTML is sent in the response to the
client, the server-side script used to generate the page is not available to
the client—this is generally very desirable in a proprietary web application.
As applied to finance, such server-side script could expose details of the
calculation that the business might not want to make available to clients or
competitors.

Applying this to derivatives pricing over the web requires that the script
embedded in the page itself make a call to a web server by constructing a
SOAP message and incorporating the response into the HTML page sent
back to the requester. Were the calculations required for derivatives pricing
very much simpler, then it would be possible to implement them directly in
the scripting language and avoid the extra step of referring to a separate
web service. In practice, however, scripting languages are unsuitable for
implementing derivatives pricing algorithms, and a general programming
language such as C++ is used. The natural approach is therefore to make
use of an available web service for the calculation.

A more full picture of the functioning of a thin-client derivatives pricing
application would therefore look like Figure 8.8, indicating the extra step
involved in referring to a pricing service from the server-side script. The
pricing service may or may not run on the same computer as the web server.

One can see this as a way of using different technologies for the things
they are best at: Scripting is ideal for creating dynamic web pages, whereas
C++ is good at complex calculations.

Despite the prominence often given to complete trading and risk manage-
ment systems offering a full range of functionality, for the needs of many
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option
calculator.

business users much of this functionality is redundant and may even add
complexity to no good purpose. Furthermore, if the system is supplied by a
third party, there will generally be quite a high cost in providing it to each
additional user. In view of this, there are motivations, of cost and suitability,
to develop lightweight applications of restricted functionality.

An example is provided by the requirements of an over-the-counter
(OTC) derivatives sales desk. It will often be the case that salespeople
repeatedly price a restricted range of fairly standardized products (for
example, vanilla, quanto and composite options, Asian options, reverse
convertibles, and equity swaps) and need to do this quickly and flexibly,
with the ability to vary the structure’s defining parameters and see the
effect on the price. In addition, it helps greatly if they can base their
calculations on market data in use at the trading desk, that is, on the
same database used by the main trading and risk management system.
(Without this connection, any prices they might calculate are not even
indicative.) This sort of lightweight pricing application is called an

Although there are, of course, many possible solutions to this common
problem, for the reasons of low maintenance, zero installation costs, and
instant, universal access given above, the type of web-based browser-client
application we have been discussing is an attractive one. A typical home
page for such a calculator is pure HTML and contains links to (for example)
ASP pages that are specialized for a particular option type. A reasonable
layout for these pages is to split them into two regions: The first contains
form fields with which the user defines the structure, and the second displays
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added
value

the results returned by the server, typically the calculated price and selected
greeks.

Market data can be provided by a market data service (Figure 8.3),
although it is possible to build in the facility in the client to provide override
market data. Indeed, if the market data service connects to the live database
of the main trading and risk management system, any prices calculated are
zero-P&L prices: It will be necessary manually to override (at least) the
volatility in order to generate tradeable prices.

In the case of providing services to clients that are corporate entities separate
from that of the service provider, the advantages of a technology that is
purely browser based are considerable. Although it is of course possible
to develop client applications in Visual Basic, C++, or the programming
language of your choice, all of these would need to be installed on the
client computers. This is not difficult within the corporate boundaries, but
assumes a different set of problems if the client is in a different organization.

Computers belonging to a company other than the service provider are
supported by a different staff and are configured to that company’s in-house
standards. At best it is inconvenient to install an application onto clients’
computers, at worst impossible. On-site support would be inconvenient and
expensive, the service provider would have to provide support on multiple
platforms, and it might simply not be acceptable to the client to have
support staff install or maintain applications on computers in restricted
areas in offices. Nor might it be acceptable to download and install certain
applications onto business-critical computers.

It is clear from the above that a web-based approach to providing
services to clients of a derivatives business addresses most of these issues.
The issues it raises, however, are those of security, authentication, and
authorization: These are discussed in Section 7.3. The provision of such
services to clients, particularly major clients, can be an important

from the viewpoint of the client, and as such forms a part of the
relationship between client and service provider.

Just as certain categories of users within a derivatives
sales and trading business need a lightweight pricing application, clients of
that business have similar needs. Much of the above discussion of option
calculators therefore extends to providing this service outside the corporate
boundaries.

A major issue for an application intended for clients and potential
clients is the provision of market data. This arises because, given a pricing
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Position revaluation

service for vanilla options, it is not difficult to infer the yield curve, dividend
estimates, and volatility surface in use by the pricing engine. While some of
these data are accessible from widely available data sources (yield curves and
spot exchange rates, for example), other data are not and must be estimated
or interpolated (volatilities for stocks where there are no liquid options,
for example, and the correlations needed for quanto option pricing). The
main database for the trading and risk management system would seem an
obvious choice as a source for such data, were it not for the fact that it
contains the levels used to mark the firm’s books, which are highly sensitive
commercially. This choice of data source is thus not appropriate and, at
least, the data must be adjusted in some way before exposure in this public
interface.

The only other solution to this appears to be to require the service
consumer to enter much of the required market data, which considerably
diminishes the value of the service. Much of its value to the consumer lies in
the assumption that the prices obtained are at least indicative of tradeable
prices, which relies on the data in use being close to the data that the
derivative supplier would use to price the structure.

The process of determining the terms of an OTC derivative contract is
generally not a simple one, often involving a number of drafts of a term
sheet and the involvement of a marketer with considerable experience of
derivatives and preferably a well-established relationship with the client.
Marketers often visit client offices and require there access to analytics so
as to discuss possible structures, investigating the implications of varying
certain parameters, both in market and static data.

One solution is, of course, the use of a laptop computer on which
a suitable application is installed (perhaps an analytics DLL loaded into
Excel, which offers a good combination of power and flexibility), but
web technology opens up a new possibility. If calculator pages are made
available on the web, perhaps with appropriate authentication, these can
be accessed from a client office, and the requested calculations delivered to
the browser. Furthermore, the market data source accessed can be chosen
so as to generate reasonable indicative prices, which would not be readily
achievable without the connection to the corporate internal network. If
appropriate, the page viewed could be saved locally on the client’s computer
and could form the basis of a deal confirmation.

A second service that can be offered addresses clients’
extremely common requirement for periodic statements reporting the value
of their outstanding positions with a derivatives business: One option for
delivering this is to upload it to a web site. This is probably the simplest
service that we can consider, in which the Internet simply substitutes for
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Other Applications

someone faxing or e-mailing the report: It does not constitute a web service
in the sense we have been discussing.

All that is required is that an application (linked to the main trading
and risk management system, and an example of the of
Figure 8.5) at the service provider’s site generate a report, perhaps in the
form of an HTML page or PDF file, at regular intervals (e.g., weekly) and
publish it to a web site. At any time thereafter, upon authentication, the
client can download it.
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PortfolioandHedgingSimulation

The purpose of quantitative pricing libraries for derivatives is usually not
only to provide “fair” option prices but also to provide support for the
risk management of the derivative positions. This risk-management takes
place on a portfolio level, where the portfolio risk is dynamically managed
(hedged) using information from the pricing models (such as delta, gamma).
For the traders as well as for controlling, it is important to validate the
pricing model and hedging strategy in realistic scenarios and to get estimates
of the residual risk. This can be done using an algorithm that simulates the
portfolio management, given a market scenario and rules for the trading
strategy. The market scenario can be generated randomly according to some
stochastic model, or taken from historical market data for backtesting the
models. If stochastic market data are chosen, then it is also possible to do a
Monte Carlo analysis of the portfolio risk.

The specifications of the simulation engine include the following fea-
tures:

Initial portfolios consist of cash positions, shares, and options.
Interest and dividend payments are booked into the portfolio.
Options get settled on expiry (e.g., cash settlement).
Multiple currencies are supported.
Choice of hedging strategy to be applied (e.g., delta hedging) and
flexibility to define new strategies.
Various output formats.
Connectivity to databases with historical market data.

To meet the specifications listed above, the simulation engine is modularized
into the following main components (see also Figure 9.1):
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Provides access to the complete market data for each
simulation date. This includes all yield curves, underlying information
(spot price, dividends, repo rates, volatilities, etc.), and correlation
matrices.

List of all positions and their current quantities in the
portfolio. Given the market data, the portfolio can be priced and the
resulting prices and sensitivities can be extracted for each constituent.

Abstract base class for assets in the portfolio. A concrete
derived class implements the method that produces a list of
trades that affect the portfolio. Those trades can be interest or
dividend payments or the expiry of the option.

Given the portfolio and the market scenario, a list
of trades is constructed to implement the particular trading (hedging)
strategy. This component is implemented as an abstract base class
from which specific strategies can be derived.

The basic algorithm of the simulation engine loops through the list of
simulation dates, checks for events of each of the positions, and applies
the trading strategy. The basic flowchart is shown in Figure 9.2. The step

also calculates all sensitivities necessary for the trading
strategy. If the trading strategy is delta hedging, then all deltas have to be
calculated. Let be the underlyings and the aggregated
portfolio deltas with respect to those underlyings. Then the delta-hedging
strategy would produce trades to buy a number of underlying for
each 1 , such that the portfolio is delta flat in each underlying.

More advanced hedging strategies could be the following:

Delta hedging is done only if delta exceeds given thresholds to
decrease the number of trades being made.
For cross-currency products, also hedge FX delta.
For hedging exotic options, use liquid plain vanilla options to reduce
the gamma or vega exposure.
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9.3 Example: Discrete Hedging and Volatility Misspecification

Consider interest rate risk.
Take transaction costs into account.

The Black-Scholes theory of option pricing and hedging is based on the
ideal assumptions that the market is monitored continuously and that the
portfolio is continuously rebalanced to adjust the delta hedge. In practice,
the portfolio can be rebalanced only periodically. Besides the obvious reason
that the trader has a certain time of reaction to market moves, other reasons
are

Transaction costs.
Illiquid market.

The situation of an illiquid market occurs either for large trading volumes
compared to the daily turnover, or for assets that have no continuous market
at all, such as some investment funds whose prices are only periodically
published.
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The naive discrete delta-hedging strategy from Black-Scholes theory is
to trade a number of stocks to make the total portfolio delta zero on each of
the finite number of trading dates. Clearly there is a residual market risk due
to the lack of hedging continuity. The question now is whether this simple
delta-hedging strategy is optimal. If optimality means the minimization
of the portfolio variance, then the hedging strategy can be improved by
choosing (see chapter 20 in [108])

1
2

It should be emphasized that the hedging now depends explicitly on the drift
of the stock, that is, it is not possible to use risk-neutral pricing. In most
practical cases, the adjustment to be made for the delta can be neglected.
Only for assets with large risk premium and comparably small volatility,
the effect might be relevant.

Pricing the option under the discrete hedging assumptions can take into
account the modified delta hedging. If the value is just defined as an expected
value, then the value can be derived from the Black-Scholes price using a
modified volatility

1 ( )( )
2

More sophisticated models could, of course, take into account the risk
preferences of the option holder or issuer.

As an example of the simulation driver, the effect of volatility mis-
specification and discrete hedging will be considered. The test scenario is a
three-month period of underlying stock prices , where the stock prices are
log-normal with a volatility of 0 3 and 100. Interest rate is constant
at 5 percent per year. The product to be simulated is a European call option
struck at 100 with one year time to maturity. The hedging strategy is delta
hedging applied once each day during the simulation period.

Let be the portfolio value at time , 0 1. Then the
relative discounted P&L of the hedging strategy is defined as

&

To find the probability distribution of the P&L for that hedging strategy,
a Monte Carlo approach is followed, that is, the portfolio simulation is
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iterated for many sample stock paths. The resulting probability distribution
after 500 iterations is shown in Figure 9.3. The P&L is centered around 0
and looks very much like a normal distribution with mean zero.

The next step is to examine the effect of a wrong volatility specification.
As market scenario we take the same as before, but the pricing and hedging
is based on a volatility assumption of 0 25 instead of 0 3. The absolute P&L
resulting from this misspecification is given by the following theorem (see
[20] for more details):

Let the stock price be given by the SDE

ˆand let ( ) be the Black-Scholes price at time of an option with
European payoff ( ) based on the assumption that the stock price
volatility is ˆ ( ) instead of . Let be the Black-Scholes value (based
on ˆ ( )) of the hedge portfolio, that is, consists of the following assets:

1 option
: ˆ shares
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plus a cash position making the strategy self-financing. Then the dis-
counted P&L of the portfolio is given by

1 ˆ( ) ( )( ˆ ( )) (9 1)
2

where ( ) exp is the discount factor.

The cash position is used to finance stock trades being made during the
lifetime of the option. The amount of cash, denoted by , therefore
equals the portfolio value minus the value of the option minus the value
of the stocks:

ˆ ˆ( ) ( )

By definition, the strategy is then self-financing; no external capital flows
into or out of the portfolio.

For a proof of (9.1) we use the identities

ˆ ˆ ˆ ˆ( )

ˆ ˆ ˆ ˆ

Substituting the second equation into the first yields

ˆ ˆ ˆ ˆ

ˆNow using the Black-Scholes PDE for that holds with ˆ instead of
we get

ˆˆ ( )

The rest now follows from discounting on both sides, and integrating
from 0 to .
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9.4 Example: Hedging a Heston Market

=
=  =

� �

� �

=
=
=
=
=

V
. .

dS r p S dt v S dW

dv v dt v dW

.

.

. W W

v .

By the above formula, the realized P&L depends on the particular stock
path and the value of along the path. In the example considered
here, we have 0 3 and ˆ 0 25 and a positive gamma, so we expect
a positive P&L. Those theoretical considerations agree with the simulation
results shown in Figure 9.4.

In this example, we assume that the stock price follows a Heston process,
but the hedging is still based on Black-Scholes prices with an estimated
constant volatility. The Heston process is given by the SDEs

( )

( )

with parameters

1 5 reversion speed

0 3 long volatility

100 volatility of volatility

1 5 correlation between and

0 3 short volatility
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As the volatility estimation used in the hedging strategy, the long
volatility of 0 3 is taken. The fair value of the option calculated within the
Black-Scholes framework is 14 20, the fair value in the Heston framework
is 12 40. The P&L results from hedging the option using the Black-Scholes
prices and deltas are shown in Figure 9.5.

Portfolio insurance strategies are investment strategies for downside protec-
tion of a risky portfolio. One way of doing this is to decrease the investment
in the risky asset when the portfolio value approaches the floor level guar-
anteed to the investor. To fix some notation, let be the price of the risky
asset and ( ) the price of the risk-free asset. Then the portfolio value
is given by

In the Constant Proportion Portfolio Insurance (CPPI) strategy (see [11]
and [12]), the weight is chosen in such a way that the proportion of the
investment in the risky asset with respect to the excess wealth over the floor
level ( ) is held constant:

( ) (9 2)

The factor determines the risk exposure of the investor. Given , the
weight is determined by the assumption that the strategy is self-financing.

206

t
rt

t t t t t

t

t t t t

t

9.5 EXAMPLE: CONSTANT PROPORTION
PORTFOLIO INSURANCE

�

� 	

� �

�

�

�
�

PORTFOLIO AND HEDGING SIMULATION



9.5 Example: Constant Proportion Portfolio Insurance
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1 2 2
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Then the portfolio value satisfies the SDE

(9 3)

Substituting Equation (9.2) into (9.3) gives

(1 ) ( )

In the special case ( ) , the last equation can be further simplified.
Using ( ) ( ) we get

(1 )( ) ( ) ( )

or

( )
( )

Now we assume that is a log-normal process given by

Then the solution for can be explicitly written as

( ) (9 4)( )

From Equation (9.4) it can be seen that serves as a leverage factor
for the risk premium and the volatility.

In practice, the portfolio is not rebalanced continuously, but always at
the beginning of a certain period, which could be weekly. Therefore, there
is a residual risk that the portfolio value falls below the floor. A realistic
model for such a strategy also has to take into account transaction costs
and bid/offer spreads.

Typical values for the multiplication factor are between 3 and 5,
and rebalancing is often done weekly, provided the prices have moved
sufficiently to trigger a rebalancing. This extra proviso is attached to the
strategy to avoid very small rebalancings. It is worth pointing out that the
CPPI strategy will guarantee the initial capital if the asset never drops by
more than 1 in any period between rebalancing. In practice, a financial
institution can sell CPPI structures with or without a capital guarantee
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against drops by more than 1 . The capital guarantee amounts to adding
a series of put options to the CPPI.

Ignoring the risk of market drops in excess of 1 between rebal-
ancings, the performance of the CPPI compared to the underlying asset is
illustrated in Figures 9.6, 9.7, and 9.8. Three different scenarios are possible:
The asset performs well over the period, in which case the CPPI is also going
to perform well (see Figure 9.6). The asset performs badly, but because of
the CPPI trading strategy, the initial capital is retained for the CPPI (Figure
9.7). Finally, if the asset initially performs badly, but rallies later on, the
CPPI not be able to pick up the growth in the asset because the CPPI
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9.6 Server Integration

will then be almost exclusively invested in the zero-coupon bond. This is
the key drawback of the CPPI, illustrated in Figure 9.8.

Connected to a market data server, the simulation engine from Section 9.2
can be used to build backtesting systems and risk engines. A possible setup
for the main components is shown in Figure 9.9. The scenario builder can
either take historical data from the market data server or do projections into
the future. The scenario builder should have some logic to produce extreme
scenarios for stress testing. The functionality of the user interface may
contain graphical output of the simulation results and statistical reports.
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<?xml version="1.0"?>
<portfolio>
<name>DAX-Option-Portfolio</name>
<currency>EUR</currency>
<positions>
<position>
<quantity>100</quantity>
<code>DAX_OTC_01</code>

</position>
<position>
<quantity>20</quantity>
<code>DAX_OTC_02</code>

</position>
</positions>

</portfolio>

<?xml version="1.0"?>
<marketscenario>
<marketdata>
<date>03-01-2001</date>
<yieldcurve>...</yieldcurve>
<underlying>...</underlying>
...

</marketdata>
<marketdata>
<date>04-01-2001</date>
...

</marketdata>
</marketscenario>

The user should be able to define portfolios or select portfolios from the
trading system and specify market scenarios.

The data exchange between the components is done via XML (see
Chapter 6). The examples given there certainly apply for this application.
From the simple XML definitions for market data and financial instruments,
one can easily build up the scenario and portfolio data. An example for a
portfolio definition in XML is

The market scenario comprises the XML definitions of the market data
on each of the simulation dates:

The communication between the components of the simulation and risk
engine can be implemented with SOAP interfaces (see Chapter 7).
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